CHAPTER 7 TRANSCENDENTAL FUNCTIONS 


7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES 

1. Yes one-to-one, the graph passes the horizontal line test. 

2. Not one-to-one, the graph fails the horizontal line test. 

3. Not one-to-one since (for example) the horizontal line y — 2 intersects the graph twice. 

4. Not one-to-one, the graph fails the horizontal line test. 

5. Yes one-to-one, the graph passes the horizontal line test 

6. Yes one-to-one, the graph passes the horizontal line test 

7. Not one-to-one since the horizontal line y = 3 intersects the graph an infinite number of times. 

8. Yes one-to-one, the graph passes the horizontal line test 

9. Yes one-to-one, the graph passes the horizontal line test 

10. Not one-to-one since (for example) the horizontal line y = 1 intersects the graph twice. 

11. Domain: 0 < x < 1, Range: 0 < y 12. Domain: x < 1, Range: y > 0 


3- y 
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18. The graph is symmetric about y = x. 



20. Step 1: y = x 2 => x = — y'y, since x < 0. 

Step 2: y = — y/x = f -1 (x) 

21. Step 1: y = x 3 -l=>x 3 =y+l=>x = (y+ 1) 1/3 

Step 2: y = 3 y/x + 1 = f _1 (x) 

22. Step 1: y = x 2 — 2x + 1 => y = (x — l) 2 => y/y = x — 1, since x > 1 =í> x = 1 + y/y 

Step 2: y = 1 + = f _1 (x) 

23. Step 1: y = (x+l) 2 => y/y = x+l, since x > —1 => x = y/y — 1 

Step 2: y = ^x — 1 = f _1 (x) 

24. Step 1: y = x 2 / 3 => x = y 3 / 2 

Step 2: y = x 3 / 2 = f -1 (x) 
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25. Step 1: y = x 5 =>■ x = y 1 / 5 

Step 2: y = — f _ 1 (x); 

Domain and Range of f _1 : all reais; 

f(f _ 1 (x)) = (x 1 / 5 ) 0 = x and f ^ 1 (f(x)) = (x 5 ) 1 ^ 5 = x 

26. Step 1: y = x 4 =>■ x = y 1 / 4 
Step 2: y = 4 y / x = f _ 1 (x); 

Domain of f -1 : x > 0, Range of f _1 : y > 0; 
f(f _ 1 (x)) = (x 1 / 4 ) 4 = x and f~ x (f(x)) = (x 4 ) 1,/4 = x 


27. Step 1: y = x 3 + 1 => x 3 = y — 1 =>■ x = (y— l ) 1 / 3 
Step 2: y = V* - 1 = f _ 1 (x); 

Domain and Range of f _1 : all reais; 

f (f- 1 (x)) = ((x - l ) 1 / 3 ) 3 + 1 = (X - 1) + 1 = x and f- x (f(x)) = ((x 3 + 1) - 1 ) 1/3 = (x 3 ) 1/3 = x 

28. Step 1: y = | x — j=>|x = y+ |=>x = 2y + 7 
Step 2: y = 2x + 7 = f _ 1 (x); 

Domain and Range of f _1 : all reais; 

f (f- 1 (x)) = I (2x + 7) - \ = (x + l) - \ = x and f^x)) = 2(ix-?)+7 = (x-7) + 7 = x 


29. Step 1: y = i 


x 2 = - => x = 4= 


y/y 


Step 2: y = -2- = f x (x) 

Domain of f _1 : x > 0, Range of f _1 : y > 0; 


f(f- 1 (x)) = 


(tí) (*) 


= x and f 1 (f(x)) = 


(*) 


= x since x > 0 


30. Step 1: y = 4 


x 3 = - =>• x = 


Step 2: y = jtj = \¡\ = f 4 (x); 


Domain off 1 : x 7 ^ 0, Range of f x : y ^ 0; 


f ( f *00) = id» = ¿ = xandf W) = (?) 1/3 = 0 i = 


(x-í/3)' 


31. Step 1: y = =>• y(x - 2) = x + 3 => xy - 2y = x + 3 =>• xy - x = 2y + 3 => x = 

Step 2: y = =f- 1 (x); 


Domain off x : x 1, Range of f x : y 7 ^ 2; 


fíf-'W) 


(t=t) + 3 ^ (2x + 3) + 3(x — 1) _ 5x 
(|±3) _2 (2x + 3) — 2(x — 1) 5 


xandf x (f(x)) 


2(|2|)+3 _ 2(x + 3) + 3(x — 2) _ 5x 
(!+!)_, ( x + 3) — (x — 2) 5 


32. Step 1: y = => y( v / x - 3) = ^x y-v/x-3y = a/x => y^/x- y/x = 3y =>• x = 

Step 2: y — (t ~[) 2 = f *(x); 

Domain of f “ x : (— 00, 0] U (1, 00), Range of f 1 : [0, 9) U (9, 00); 


f(f 1 (x)) = 


_^5jL 

V(A) 2 - x 


l lf x > 1 or x < 0 


3x 


1 >0 


\to 2 - 


- TT-T 3 - 


3x 

3x — 3(x — 1) 


— 3x 

— 3 


f- 4 (f(x)) = 



9x 


(v / x-(v / x-3)) 


_ 9 x _ 

2 — ~Q — A 


= X 


2 


x and 
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33. Step 1: y = x 2 — 2x, x < 1 =>• y + 1 = (x — l) 2 , x < 1 => — y/y + 1 = x— l,x<l=>x=l — ^ 
Step 2: y = 1 — \/x"-¡-T = f -1 (x); 

Domainoff -1 : [— 1, oo), Range of f -1 : (— oo, 1]; 

f (f - 1 (x)) = ^1 — y/x + — 2^1 — \J x -f 1 j = 1 — 2y /x + 1 + x + 1 — 2 + 2 y/x + 1 = x and 

f - 1 (f(x)) = 1 — \J (x 2 — 2 x) + 1 , x < 1 = 1 — \j (x — l) 2 , x < 1 = 1 — |x — 11 = 1 — ( 1 — x) = x 


34. Step 1: y = (2x 3 + l ) 1 ^ 5 => y 5 = 2x 3 -t- 1 => y 5 — 1 = 2x 3 => Z-yd — x 3 => x = \j ¿d-d 

Step 2: y= = f I (x); 

Domainoff -1 : (— oo, oo), Range of f -1 : (—00,00); 


f(f - 1 (x)) 

f - 1 (f(x)) 



((x 5 - 1 ) + l) 1/s 


(x 5 ) 1,/5 = x and 
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39. (a) f(g(x)) = (^/x ) 3 = x, g(f(x)) = v/x3 = x 

(c) f'(x) = 3x 2 => f'(l) = 3, f'(-l) = 3; 
g'(x)= I x - 2/ 3 => g'(l) = i , g'(-l) = i 

(d) The line y = 0 is tangent to f(x) = x 3 at (0, 0); 
the line x = 0 is tangent to g(x) = at ( 0 , 0 ) 



40. (a) 

h(k(x)) 

= i ((4X ) 1 / 3 ) 3 

= X, 



/ \ 1/3 



k(h(x)) 

* 1 ^ 

II 

= X 

(c) 

h'(x) = 

3 4 => b'( 2 ) = 

= 3, h'(—2) = 3; 


k'(x) = 

| (4x )~ 2 / 3 => 

k'( 2 )= f,k'(- 2 )= § 

(d) 

The line y = 0 is tangent to h(x) = ^ at (0, 0): 


the line x = 0 is tangent to k(x) = ( 4 x ) 1//3 at 
( 0 , 0 ) 


(b) 



41. f = 3x 2 - 6 x =>• 

dx 


dr 1 

dx 


x = f(3) 


1 


df 

dx 


x = 3 


1 

9 


42. f = 2x - 4 => 

dx 


df" 1 

dx 


x = f(5) 


1 _ 

df 

dx 


x = 5 


1 

6 


43. 


df- 1 

dx 


- df- 1 

1 

— 1 — 3 

“ (i) “ J 

«■ ¥ 

_ dg 1 

_ j_ 

. dx 

— df 

„ dx 

dg 

x = 4 

x = f(2) dx 

x = 2 (i) 

x = 0 

* = W) dx 


1 

2 


45. (a) y = mx =>■ x = ^ y =>■ f 3 (x) = ¿ x 

(b) The graph of y = f _ 1 (x) is a line through the origin with slope ] | ] . 


46. y = mx + b => x = ^ — ^ => f x (x) = ^ x — the graph of f x (x) is a line with slope and y-intercept — ^. 


47. (a) y = x + 1 =>■ x = y — 1 => f _ 1 (x) = x — 1 

(b) y = x + b => x = y — b =>■ f _ 1 (x) = x - b 

(c) Their graphs will be parallel to one another and lie on 
opposite sides of the line y = x equidistant from that 
line. 



48. (a) y = —x + 1 =>• x = — y + 1 =>■ f _ 1 (x) = 1 — x; 

the lines intersect at a right angle 

(b) y = —x + b =>■ x = —y + b => f _ 1 (x) = b - x; 
the lines intersect at a right angle 

(c) Such a function is its own inverse. 
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49. Let Xi 7 ^ X 2 be two numbers in the domain of an increasing function f. Then, either Xi < X 2 or 
Xi > X 2 which implies f(xi) < f(x 2 ) or f(xi) > f(x 2 ), since f(x) is increasing. In either case, 
f( x i) i=- f(x 2 ) and f is one-to-one. Similar arguments hold if f is decreasing. 


50. f(x) is increasing since X 2 > Xi 


1 Y , 5 ^ 1 Y , 5 . df _ 1 

3 X2 + 6 > 3 Xi + 6’E-3 


df- 1 _ 1 __ r¡ 

dx - (I) - ^ 


51. f(x) is increasing since x 2 > xi => 27x2 > 27x 3 ; y = 27x 3 =>■ x = j y 1 / 3 f x (x) = | x 1 / 3 ; 

df _ oi„2 — 1 I _ _J_ _ 1 2/3 

dx dx 8 lx 2 I ¿ x 1 / 3 9x 2 / 3 9 


52. f(x) is decreasing since x 2 > xi =>■ 1 — 8 x 3 < 1 — 8 x 3 ; y = 1 — 8 x 3 =>■ x = 1 (1 — y ) 1 / 3 => f x (x) = 1 (1 — x) 1 / 3 ; 

^ = -i(l^x)-2/ 3 


df _ ^4x 2 =í> C2. = i = _ 

dx ^ dx —24x 2 l(l-x) 1 ' 1 6(1 - x) 2 / 3 


53. f(x) is decreasing since x 2 > Xi =>■ (1 — x 2 ) 3 < (1 — Xi) 3 ; y = (1 — x ) 3 


= 1 - y 1 / 3 => f~ x (x) = 1 - x 1 / 3 ; 


£ = -3d - x) 2 =* ^ = 


-3(1-x) 2 


l-X 1 /! 


-1 _ _ 1 Y —2/3 

3x 2/3 — 3 X 


54. f(x) is increasing since x 2 > xi => x ^ 3 > x^ 3 ; y = x 5 / 3 =>■ x = y 3 / 5 => f x (x) = x 3 / 5 ; 


df _ 5 2/3 

dx — 3 A 


df- 1 _ 1 

dx — 5 x 2 / 2 


— __ 3 -2/5 

“ 5x 2 / 5 _ 5 A 


55. The function g(x) is also one-to-one, The reasoning: f(x) is one-to-one means that if Xi ^ x 2 then f(xi) f(x 2 ), so 
—f(xi) ^ — f(x 2 ) and therefore g(xi) g(x 2 ). Therefore g(x) is one-to-one as well. 


56. The function h(x) is also one-to-one, The reasoning: f(x) is one-to-one means that if Xi ^ x 2 then f(xi) f(x 2 ), so 

fbb ^ ’ and therefore h(x i) / h (x 2 ). 


57. The composite is one-to-one also. The reasoning: If Xi x 2 then g(xi) ^ g(x 2 ) because g is one-to-one. Since 
g(xi) g(x 2 ), we also have f(g(xi)) ^ f(g(x 2 )) because f is one-to-one. Thus, f o g is one-to-one because 

Xi + X 2 => f(g(xi)) ^ f(g(x 2 )). 

58. Yes, g must be one-to-one, If g were not one-to-one, there would exist numbers xi ^ x 2 in the domain of g with 
g(xi) = g(x 2 ). For these numbers we would also have f(g(xi)) = f(g(x 2 )), contradicting the assumption that 

f o g is one-to-one. 


59. (g o f)(x) = x => g(f(x)) = x g'(f(x))f'(x) = 1 


60. W(a) = J\ (f“ 1 (y)) 2 - a 2 ] dy = 0 = f‘ 27rx[f(a) - f(x)] dx = S(a); W'(t) = n (f-^fít))) 2 - a 2 f'(t) 

= 7r (t 2 — a 2 ) f'(t); also S(t) = 27rf(t) J x dx — xf(x) dx = [7rf(t)t 2 — 7rf(t)a 2 ] — xf(x) dx =>• S'(t) 

= 7rt 2 f'(t) + 27rtf(t) - 7ra 2 f'(t) - 27rtf(t) = tt (t 2 - a 2 ) f'(t) => W'(t) = S'(t). Therefore, W(t) = S(t) for all t G [a, b]. 


61-68. Example CAS commands: 

Maple : 

with( plots );#63 
f := x -> sqrt(3*x-2); 
domain := 2/3 ..4; 
xO := 3; 

Df := D(f); # (a) 
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plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[l,3]> legend=L"y=f(x)","y=f '(x)"], 
title="#61(a) (Section 7.1)"); 


ql := solve( y=f(x), x ); 

# (b) 

g := unapply( ql, y ); 


mi := Df(x0); 

#(c) 

ti := f(x0)+ml*(x-x0); 


y=ti; 


m2 := 1/Df(x0); 

#(d) 

t2 := g(f(xO)) + m2*(x-f(x0)); 


y=t2; 


domaing := map(f,domain); 

# (e) 


pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[l,9], thickness=[3,0] ): 
p2 := plot( g(x), x=domaing, coloi-cyan, linestyle=3, thickness=4 ): 
p3 := plot( ti, x=xO-l..xO+l, color=red, linestyle=4, thickness=0 ): 
p4 := plot( t2, x=f(xO)-l..f(xO)+l, color=blue, linestyle=7, thickness=l ): 
p5 := plot( [ [xO,f(xO)], [f(xO),xO] ], coloi-green ): 

display( [pl,p2,p3,p4,p5], scaling=constrained, title="#63(e) (Section 7.1)"); 

Mathematica: (assigned function and valúes for a, b, and xO may vary) 

If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica 
to do this. See section 2.5 for details. 

«Miscellaneous 'RealOnly' 

Clear[x, yj 

{a,b} = {-2, 1}; xO = 1/2 ; 
f[x_] =(3x + 2)/(2x- 11) 

Plot[{f[x],f[x]}, {x, a, b}] 
solx = Solve[y == f[x], x] 
g[y_] =x/. solx[[l]] 
yO = f[xO] 

ftan[x_] = yO + f [xOJ (x-xO) 
gtan[y_] = xO + 1/ f [xO] (y — yO) 

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b}, 

Epilog —* Line[{ {xO, yO},{yO, xO¡}], PlotRange —* {{a,b},{a,b}}, AspectRatio —> Automatic] 

69-70. Example CAS commands: 

Maple : 

with( plots ); 
eq := cos(y) = x A (l/5); 
domain := 0 .. 1; 
xO := 1/2; 

f := unapply( solve( eq, y ), x ); # (a) 

Df := D(f); 

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[l,3], legend=["y=f(x)","y=f'(x)"], 
title="#70(a) (Section 7.1)"); 


ql := solve( eq, x ); 

#(b) 

g := unapply( ql, y ); 


mi := Df(xO); 

#(c) 

ti := f(x0)+ml*(x-x0); 


y=ti; 


m2 := 1/Df(x0); 

#(d) 
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t2 := g(f(xO)) + m2*(x-f(x0)); 
y=t2; 

domaing := map(f,domain); # (e) 

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[l,9], thickness=[3,0] ): 
p2 := plot( g(x), x=domaing, coloi-cyan, linestyle=3, thickness=4 ): 
p3 := plot( ti, x=xO-l..xO+l, color=red, linestyle=4, thickness=0 ): 
p4 := plot( t2, x=f(xO)-l..f(xO)+l, color=blue, linestyle=7, thickness=l ): 
p5 := plot( [ [xO,f(xO)], [f(xO),xO] ], coloi-green ): 

display( [pl,p2,p3,p4,p5], scaling=constrained, title="#70(e) (Section 7.1)"); 

Mathematica: (assigned function and valúes for a, b, and xO may vary) 

For problems 69 and 70, the code is just slightly altered. At times, different "parts" of Solutions need to be used, as in the 
definitions of f|x] and g[y] 

Clearfx, y] 

{a,b} = {0, 1}; xO = 1/2 ; 
eqn = Cosfy] == x 1/5 
soly = Solvefeqn, y] 
f[x_] = y /. soly[[2]] 

Plot[¡f[x],f[x]}, {x, a, b}] 
solx = Solvefeqn, x] 
g[y_l = x /. solxffl]] 
yO = ffxO] 

ftanfxj = yO + f [xOJ (x - xO) 
gtan[y_] = xO + 1/ f [xO] (y — yO) 

Plotffffx], ftanLx], g[x], gtanfx], Identity[x]},{x, a, b}, 

Epilog —* Lineff {xO, y0f,{y0, x0¡ ¡J, PlotRange —> {{a, b}, {a, b¡}, AspectRatio —> Automatic] 

7.2 NATURAL LOGARITHMS 


1. (a) ln 0.75 = ln \ = ln 3 - ln 4 = ln 3 - ln 2 2 = ln 3 - 2 ln 2 

(b) ln \ = ln 4 - ln 9 = ln 2 2 - ln 3 2 = 2 ln 2 - 2 ln 3 

(c) ln \ = ln 1 — ln 2 = — ln 2 (d) ln ^9 = ± ln 9 = ± ln 3 2 = § ln 3 

(e) ln 3 = ln 3 + ln 2 1 / 2 = ln 3 + \ ln 2 

(f) ln y/BA = i ln 13.5 = \ ln f = \ (ln 3 3 - ln 2) = \ (3 ln 3 - ln 2) 

2. (a) ln Tj = ln 1 - 3 ln 5 = -3 ln 5 

(c) ln 7 \fí = ln 7 3 / 2 = | ln 7 
(e) ln 0.056 = ln ¿ = ln 7 - ln 5 3 = ln 7 - 3 ln 5 

3. (a) ln sin 9 — ln (^y^) = ln ^ ^ = ln 5 (b) ln (3x 2 — 9x) + ln = ln 9x ^j = ln (x — 3) 

(c) i ln (4t 4 ) - ln 2 = ln ^4Ü - ln 2 = ln 2t 2 - ln 2 = ln = ln (t 2 ) 


(b) ln 9.8 = ln f = ln 7 2 - ln 5 = 2 ln 7 - ln 5 
(d) ln 1225 = ln 35 2 = 2 ln 35 = 2 ln 5 + 2 ln 7 

f ln 35 + ln ] _ ln 5 + ln 7 - ln 7 _ 1 
ln 25 — 2 ln 5 ~ 2 


4. (a) ln sec 9 + ln eos 9 = ln [(sec 0)(cos 0)] = ln 1 = 0 

(b) ln (8x + 4) — ln 2 2 = ln(8x + 4) - ln 4 = ln =ln(2x+l) 

(c) 3 ln Vt 2 - 1 -ln(t+ 1) = 31n(t 2 - 1) 1/3 - ln (t + 1) = 3 (|) ln(t 2 - 1) -ln(t+ 1) = ln ( (t + ( 'f~ 3) 

= ln (t — 1) 
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5. y = ln3x =* y' = (¿) (3) = \ 6. y = ln kx =► y' = (¿) (k) = 1 

7. y = ln (t 2 ) =► ® = (¿)(2t)=? 8. y = ln (t^) =* £ = (£) (| + 2 ) = | 

9. y = ln|=ln3x- 1 =» g = (^) = - ± 

10. y = ln f = ln lOx^ 1 => % = (-lOx^) = - 1 

11. y = ln(0 + 1) => % = {jh)W=lh 12 ‘ Y = ln(20 + 2) =* % = (^) (2) = ^ 

13. y = lnx 3 => £ = (¿) (3x 2 ) = ¡ 14. y = (ln x) 3 => £ = 3(ln x) 2 • £ (ln x) = 

15. y = t(ln t) 2 =>• g = (ln t) 2 + 2t(ln t) • £ (ln t) = (ln t) 2 + ^ = (ln t) 2 + 2 ln t 

16. y = t/lrTt = t(ln t) 1 / 2 =>• g = (ln t)7 2 + 1 t(ln tr 1 / 2 • | (ln t) = (ln t) 1 / 2 + t(ln ^ " 

= (lnt ) 1/2 + 2ÜSW 

17. y = £ ln x - £ =► £=x 3 lnx+g-i-^=x 3 lnx 

18. y = (x 2 ln x) 4 => £ = 4(x 2 ln x) 3 (x 2 • ± + 2xln x) = 4x 6 (ln x) 3 (x + 2xln x) = 4x 7 (ln x) 3 +8x 7 (ln x) 4 

in — Int dy 1 (y) — (ln *)( 1) 1 - ln t 

y — t =* dt - t 2 _ t 2 

on V - l + int dy _ t(l) -q + ln t)(l) _ j_ — 1 — ln t _ ln t 

zu. y - ( =?■ dt - t 2 - t - - t 2 

91 y- lnx ^ <l+lnx)(l)-(lnx)(l) _ + + - + 1 

y l+lnx y (l+lnx) 2 (1 + lnx) 2 x(l+lnx) 2 

99 v - x ln x . _ (l+lnx) (lnx + x-í)-(x ln x)(í) _ (l+jnx¿-lnx _ _ lnx 

y l+lnx y (l+lnx) 2 (l+lnx) 2 (l + lnx) 2 

23. y = ln (ln x) =* y' = (¿) (*) = ^ 

24. y = ln (ln (ln x)) =* y' = • 5 ( ln ( ln x » = IñlEx) ~ ¿T 5 ( ln = xdnx/indnx) 

25. y = #[sin (ln 9) + eos (ln 0)] => £ = [sin (ln 9) + eos (ln 0 )] + 0 [eos (ln 9) ■ \ — sin (ln 0) ■ |] 

= sin (ln 9) + eos (ln 9) + eos (ln 9) — sin (ln 9) = 2 eos (ln 9) 


26. y = ln(sec 9 + tan 8) => £ = «*<>**<> +«fe = sec eme + «* e) = sec g 

J v ' ád sec 6 + tan 6 tan 6 + sec 6 


27. y = ln-7^ T = -lnx-iln(x+l) => y' 



2(x+ 1) + x 
2x(x +1) 


3x + 2 
2x(x+ 1) 


28. y = i ln |±f = i [ln(l + x) - ln(l - x)] => y' 


tó)(-D] 


1 1~x+1+x 

2 [(l + x)(l-x) 


1 

1 — X 2 
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on v _ 1 +lnt . dy _ (1-lnt) (t) ~ (1 + ln t) + ) _ i ~ T + t + T _ 2 

y — 1-lnt ^ dt (1-lnt) 2 — ( 1 -lnt) 2 — t(l-lnt) 2 


30 


. y = v A^7Í =(!„,■/*) 1/2 =¡. J = l(l„t‘'í)- 1/2 .Í(1„.1 , 2) = 1(1„,1 , 2) 


- 1/2 


w 


í (• 1,! ) 


= l(l„t'A) 


- 1/2 


1 

tW 


t 1/2 = 


4t\/ln J t 


31. y = ln (sec (ln 9)) 


dy 

dfl 


1 A (ln 011 — sec(ln 9) tan (ln 9) y/ /. a\ _ tan(lng) 
sec (ln 9) d8 l ln ü >> ~ sec(lnS) dB l 111 ~ 9 


32. y = ln = \ (ln sin 9 + ln eos 6) - ln (1 + 2 ln 9) 


dy _ 1 í eos d _ sin 6 \ _ 
dd 2 V sin 6 eos 6 ) 


1 + 2 ln 6 


cot 6 — tan 6 


0(1 +2 ln 6) 


33. y = ln(^gQ =51n(x 2 + l)- 


ln (1 — x) => 


y = 


5-2x 
x 2 + 1 


tó)(-D 


lOx | 1 

x 2 + l 2(1-x) 


34. y = ln ¡ [5 ln(x + 1) - 20 ln(x + 2)] =► y' 

_ 5 [ 3x + 2 
2 |(x+l)(x + 2)| 


( 5 _ 

20 \ _ 5 

(x + 2) — 4(x+ 1)" 

Vx+1 

x + 2 / 2 

(x+ l)(x + 2) 


35 - y = Xv2 ln y ídt 


dy 

dx 




2 x ln 


W-x!+ 


36. 


rV~- 

y = / ln t dt 

J s/x 

_ ln ^/x ln £x 

3y/x?' 2-^x 


dy _ 
dx 




( v +) = (ln^)(Ix-V3)_(in v +)(lx-V 2 ) 


37. J* i dx = [ln |x|] _3 = ln 2 — ln 3 = ln | 38. J* dx = [ln |3x — 2|] ® x = ln 2 — ln 5 = ln | 

39. / ^5 dy = ln |y 2 - 251 + C 40. f dr = ln |4r 2 - 5| + C 

41. 2 ++ dt = [ln |2 — eos t|] q = ln 3 — ln 1 = ln 3; or let u = 2 — eos t => du = sin t dt with t = 0 

=> u = 1 and t — 7 r => u = 3 => dt = ¿ du = [ln |u|] j = ln 3 — ln 1 = ln 3 

42. J g 1 ^ 4 1 ’! o e s g d0 = [ln 11 — 4 eos 0|] = ln 11 — 2| = — ln 3 = ln |; or let u = 1 — 4 eos 9 => du = 4 sin 9 á9 

with 9 — 0 => u = —3 and 9 = | => u = —1 => (-¿Tcos» d$ = J ( 4 du = [ln |u|] Ig = — ln 3 = ln j 


43. Let u = ln x => du = 1 dx; x = 1 =>• u = 0 and x = 2 => u = ln 2; 

dx = f‘" 2 2 u du = [u 2 ]'" 2 = (ln 2) 2 

44. Let u = ln x => du = 1 dx; x = 2 =>• u = ln 2 and x = 4 => u = ln 4; 

ílvtx = du = [ln uC: = ln (ln 4) - ln(ln 2) = ln (£f) = ln (^) = ln (^) = ln 2 
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45. Let u = ln x => du = - dx; x = 2 => u = ln 2 and x = 4 =>■ u = ln 4; 

X 7 

f 4 dx _ f 1 " 4 - 2 d r ti 1 " 4 _ _ J_ , J_ _ _ , j_ __1_ + J_ ^ _ J_ 

J 2 x(lnx) 2 J 1„2 L u J ln 2 ln 4 ' ln 2 ln 2 2 ~ ln 2 2 ln 2 ~ ln 2 2 ln 2 ln 4 


46. Let u = ln x => du = - dx; x = 2 =>■ u = ln 2 and x = 16 =>■ u = ln 16; 

X 7 

J ^ ^ = } 2 u^ 1 / 2 du = [u 1 / 2 ] = i/ln 16 — \/ln 2 = a/ 4 ln 2 — ln 2 = 2\/ln 2 — i/ln 2 = \/ln 2 

47. Let u = 6 + 3 tan t =>■ du = 3 sec 2 1 dt; 

Xó+ftenT dt = = ln ¡u| + C = ln |6 + 3 tan t| + C 

48. Let u = 2 + sec y =>• du = sec y tan y dy; 
fW^ d y = fT= ln |u|+C = ln|2 + secy|+C 

49. Let u = eos § => du = — i sin | dx => —2 du = sin | dx; x = 0 =>■ u = 1 and x = | 

Jo 7 tan I dx = f 0 ' dx = -2 f = [-2 ln |u|] ¡ /v/5 = -2 ln -L = 2 ln ^2 = ln 2 

50. Let u = sin t => du = eos t dt; t = | => u = -j/ and t = | =>■ u = 1; 

/> < “• = /: g dt = = I 1 ” W1 ¡,V5 = -!"* = !" ^ 


51. Let u = sin 


du = | eos | d 6 


6 du = 2 eos | d0; 0 = | 


=> u = ~ and 9 = tt => u = 2 


73 . 


/, 


2 cot | d0 = 

tt/2 3 


X 


2 eos | 
■/2 sin | 


d0 = 6 


/ v f 2 / - 6 [ln |u|] ^ /2 = 6 (ln f - ln i) = 6 ln ^3 = ln 27 


52. Let u = eos 3x => du = —3 sin 3x dx => —2 du = 6 sin 3x dx; x = 0 => u = 1 and x = ^ => u = ; 

£ /12 6 tan 3x dx = dx = -2 f¡ = -2 [ln |n|] ^ = -2 ln -fe - ln 1 = 2 ln ^2 = ln 2 


53 f_dx__ r _ 

J 2 v /x + 2x J 2 a /x 


dx 


2^X ( 1 + y/x) 


; let u = 


du = 


2\/x 


dx 


■f 


dx 


2 v /x(l + v /x) 


= /^=ln|u|+C 


— ln 1 -j- y^X + C — ln (l + y/x) + C 


54. Let u = sec x + tan x => du = (sec x tan x + sec 2 x) dx = (sec x)(tan x + sec x) dx => sec x dx 


/ 


sec x dx 

y/\n (sec x + tan x) 


f /' = f (ln u)-7 2 - i du = 2(ln U+ 2 + C = 2x/ln(sec x + tan x) + C 

J uylnu J u v 


du . 
u ’ 


55. y = y/x(x + 1) = (x(x + l)) 1 / 2 => ln y = i ln(x(x +1)) =► 2 ln y = ln(x) + ln(x + 1) => f = i + ¿y 

J _ / n /„/„ I i W1 , 1 t _ V x (x + l)(2x + l) _ 2x + l 
=> y -W V X(X + l >\i + x+lJ - 2x(xTT) - 2 v /x(x + l> 


56. y = (x 2 + 1) (x - l) 2 =>• lny = \ [ln(x 2 + 1) + 2 ln (x - 1)] ¿ = ± (y/+ + yfy) 


/ = +(x 2 + l) (x - l) 2 + ¿y) = +(x 2 + 1) (x - l) 2 


x 2 - X + X 2 + 1 


(x 2 + l)(x-l) 


_ (2x 2 — x + 1) |x — 11 
v/x 2 + 1 (x - 1) 


57. y = \££i = (f/i) 1/2 => lny= i [ln t — ln(t + 1)] 


1 dy _ l (1 
y dt 


= I (I - -L_) 

2 V t t+1/ 


dy 


t+1 Vt t+1 


h) = 


2\/t+l 


t(t+l) 


2y4(t+ l) 3 / 2 
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58. y = = Lt(t+ 1)] 1/2 => In y = \ [ln t + In (t + 1)] =► \ | = - 5 (t + t+l) 

2t+ 1 I _ _ 2t+ 1 

t(t+ 1) J 2 (t 2 +1) 3/2 


dy 

dt 


1 

t(t+l) 


59. y = +9 + 3 (sin 9) = (9 + 3) 1 / 2 sin 9 => lny = 


=> % = /0 + 3 (sin 0) 


2(9 + 3) + COt 9 


ln {9 + 3) + ln (sin 9) => 


1 dy _ 1 1 eos fl 

y d0 2(6 + 3) sin 6 


60. y = (tan 9) y/29 + 1 = (tan 9){29 + 1) 1/2 => ln y = ln (tan 9) + \ ln (20 + 1) 


1 dy 
y dd 


dy _ 
ád 


sec 2 6 
tan 6 


26 + 1 


j = (sec 2 9) /29 + 


1 + 


tan 6 
y/26+l 


sec 2 6 
tan 6 


+ (¿)( 5 £t) 


61. y = t(t + l)(t + 2) => ln y = ln t + ln (t + 1) + ln (t + 2) 
=* % = t(t+ 1 )(t+2) (i + iTi + ÍT 2 ) = t(t + l)(t + 2) 


1 dy 
y dt 


' + : t. 1 

t ~ t+l T t+2 


(t+ l)(t + 2) + t(t + 2) + t(t + 1) 


t(t+l)(t + 2) 


= 3t 2 + 6t + 2 


62 - 7 = t(t+ i)( t + 2 ) =► lny = ln 1 - ln t - ln(t + 1) - ln(t + 2 ) =► 1 f = ~ \ - ^ ^ 

(t+ l)(t + 2) + t(t + 2) + t(t+ 1) ' 
t(t+l)(t + 2) 

3t- + 6t + 2 
(t 3 + 3t 2 + 2t) 2 


dy __ 1 [_ 1_1_L1 = -1 

dt t(t+l)(t + 2) L t t+l t + 2 J t(t + l)(t + 2) 


63. y = 


0 + 5 


ln y = ln(0 + 5) - ln 9 - ln(cos 0)=^ 2 [j| = ¿ 5-5 + Í|S=>| = (ra) («Ts ~ 5 + tan 9 ) 


64. y = 

=>■ 


6 sin 6 



=> lny 


ln 0 + ln (sin 6) — \ ln (sec 6) => 


dy 

d0 


fl sin 
y/secd 


+ cot 6 


tan 0 ) 


1 dy _ 
y d 6 


eos 6 (sec fl)(tan 6) 

sin 6 2 sec 6 


65. y = =4> ln y = ln x + i ln (x 2 + 1) - f ln(x + 1) => y = í + ?TI 

I + _*_2_1 

x “ *?-+í- 3(x + 1)1 


/ _ Xy/x 2 + 1 
y “ (x + l) 2 / 3 


2 

3(x+ 1) 


66. y = 


(X + l) 10 

(2x+ l) 5 


ln y = i [10 ln (x + 1) — 5 ln (2x + 1)] 


. / (x+ ij 10 /_ 5 _ 5 _\ 

y Y (2x+ l) 5 V x + 1 2x + 1 / 


¿ __ 5 _5_ 

y x + 1 2x + 1 


67. 


y = 

=>■ 


x(x — 2) 
x 2 + 1 


ln y = 


y = 


3 / x(x — 2) f 1 . 
V x 2 + 1 V x ^ 


5 [ln x + ln (x — 2 ) — ln (x 2 + 1 )] 

_i _ 2x \ 

X - 2 X 2 + 1 ) 


L — I (1 4 _L_ _ 2 x \ 

y 3 V x T x — 2 x 2 + ll 


68 . y = => ln y = | [ln x + ln(x + 1) + ln(x - 2) - ln (x 2 + 1) - ln(2x + 3)] 

v / _ 1 3/ x(x |..\ 2. n , _1_._1_ _ _jx_ 2 _ 

y ~ 3\J (x 2 + 1) (2x + 3) Ix ^ x+1 _r x — 2 x 2 + l 2x + 3 

69. (a) f(x) = ln (eos x) =+ f'(x) = -^|f = -tanx = 0 x = 0; f'(x) > 0 for - £ < x < 0 and f'(x) < 0 for 

0 < x < | => there is a relative máximum at x = 0 with f( 0 ) = ln (eos 0 ) = ln 1 = 0 ; f (— £) = ln (eos (— £)) 

= ln j ^ ln 2 and f (|) = ln (eos (|)) = ln -( = — ln 2. Therefore, the absolute minimum occurs at 
x = | with f (|) = — ln 2 and the absolute máximum occurs at x = 0 with f( 0 ) = 0 . 
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(b) f(x) = eos (ln x) => f'(x) = ~ SM x (ln x) =0 => x = 1; f'(x) > 0 for \ < x < 1 and f'(x) < 0 for 1 < x < 2 
=> there is a relative máximum at x = 1 with f(l) = eos (ln 1) = eos 0 = 1; f (|) = eos (ln Q)) 

= eos (— ln 2) = eos (ln 2) and f(2) = eos (ln 2). Therefore, the absolute mínimum occurs at x — ( and 
x = 2 with f (i) = f(2) = eos (ln 2), and the absolute máximum occurs at x — I with f( I) — 1. 

70. (a) f(x) = x — ln x => f'(x) — 1 — ( ; if x > 1, then f'(x) > 0 which means that f(x) is increasing 
(b) f(l) = 1 — ln 1 = 1 => f(x) = x — ln x > 0, if x > 1 by part (a) => x > ln x if x > 1 


71. (ln 2x ln x) dx — — ln x + ln 2 + ln x) dx = (ln 2) dx = (ln 2)(5 — 1) = ln 2 4 = ln 16 


72 - A = L,r tan x dx +£ tan x dx = dx - £ ^ dx = P* x i] x ii o 


7t/3 


^ln 1 — ln -£j — (ln i — ln 1) = ln \pl + ln 2 


= 5 ln 2 


73. V = 71 fo (-/TTi) d y = 4n fe d y = 4?r [ ln ly + 1 1] o = 47r ( ln 4 - ln l) = 4 tt ln 4 

74. V = 7t J* cot x dx = 7r J* [4^ dx = 7r [ln (sin x)[ ^ = tr (ln 1 — ln -() = ir ln 2 


75. V = 27t^ x(i) dx = 27 t ^i dx = 27r [ln |x|] \j 2 — 2i r (ln 2 — ln = 27r(2 ln 2) = 7r ln 2 4 = 7r ln 16 

76. V = 7T £ ( dx = 27tt £ dx = 27tt [ln (x 3 + 9)] ® = 277r(ln 36 - ln 9) = 277r(ln 4 + ln 9 - ln 9) 

= 27ít ln 4 = 547r ln 2 


77. (a) y = f - ln x =» 1 + (y') 2 = 1 + (f - i) 2 = 1 + (^)* = * => L=£ ] /l + (y') 2 


dx 


.T * = /.(! + i) * = 


=/. 

(b) x= (|) 2 -21n(|) 


f +ln|x| 


J 4 


= (8 + ln 8) - (2 + ln 4) = 6 + ln 2 


dx y 2 

dy 8 y 


‘ + (S)’ = 1 + (l - I)' = 1 + = (^) : 


ffi ¿y = /."¥ = I"(f + l) á y 


=$■ L = 

= 8 + 2 ln 3 = 8 + ln 9 


16 


+ 2 ln y 


J 4 


= (9 + 2 ln 12) - (1 + 2 ln 4) 


78. L = ^ 1 + dj dx =>■ ^ = 7 =>■ y = ln |x| + C = ln x + C since x>0 => 0 = lnl+C => C = 0 => y = lnx 

79. (a) M y = Jj' x (i) dx = 1, M x = £(¿) (]) dx = i dx = [- ¿] 2 = i, M = fj dx = [ln |x|] ¡ = ln2 
(b) 


^ X — íít — J_ ~ 1 44 and v — Ms — íli ~ 0 46. 
x — M 2 ~ 1 anu Y — m — ln 2 u - JO 
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80. (a) 

M y 

=J 

•>16 / 

. x l 

vO d!< = 

r»16 

Jj x 1 / 2 dx = 

i t- 3/2 ] : 6 = 

= 42; M x = 

s:u)( 

v)x) 

dx = 

n 16 

= f idx 

2 J i x 


= 

2 I 111 

Wií 6 

= ln 4, M 

= /. Tx dx = 

= [2x i/2 ] r 

= 6 =>■ x 

= S=7a„d 

y = 

. M x 

M 

_ ln4 

6 

(b) 

My 

= J 

•>16 / 
i x l 

7x) (Vx) 

n 16 

dx = 4 J dx 

= 60, M x = 

- r 

J¡ V 2 v/x 

) (*) ()7x) 

dx 

= 2 

/> 16 

f i x~ 3 / 2 dx 


= 

-4[ 

X-t/2] 

; 6 =3,m 

-ni)( 

&) dX = ‘ 

/> 16 

i 1 dx = 

J 1 x 

= [4 ln |x¡] ] 6 = 

: 4 ln 16 

, - My 

^ X — M 


y = 

- M x 
M 

3 

4 ln 

16 









81. f(x) = ln(x 3 — 1), domain of f: (1, oo) => f '(x) = Hrry; f '(x) = 0 => 3x 2 = 0 => x = 0, not in the domain; 
f'(x) = undefined =>x 3 — l=0=>x=l, not in domain. On (1, oo), f '(x) > 0 =>■ f is increasing on (1, oo) 
=> f is one-to-one 


82. g(x) = -\/x 2 + lnx, domain of g: x > 0.652919 => g'(x) = = 9 x y x 2 +| nx i s'( x ) = 0 =>• 2x 2 + 1 = 0 =>■ no real 

Solutions; g'(x) = undefined =>■ 2xy x 2 + lnx = 0=>x = 0orx« 0.652919, neither in domain. On x > 0.652919, 
g'(x) > 0 =>• g is increasing for x > 0.652919 g is one-to-one 

83. jg = 1 + 1 at (1,3) => y = x + ln |x| + C; y = 3 at x = 1 => C = 2 => y = x + ln |x| + 2 

84. = sec 2 x =>■ — tan x + C and 1 = tan 0 + C => = tan x + 1 =>■ y = J (tan x + 1 ) dx 

= ln ¡sec x| + x + Ci and 0 = ln ¡sec 0| + 0 + Ci => Ci = 0 => y = ln ¡sec x| + x 


85. (a) L(x) = f(0) + f'(0) • x, and f(x) = ln (1 + x) =>• f'(x)| x=0 = ^ \ x=g = 1 =>■ L(x) = ln 1 + 1 • x => L(x) = x 

(b) Let f(x) = ln(x + 1). Since f"(x) = — - 1 2 < 0 on [0, 0.1], the graph of f is concave down on this interval and the 

(x+1) 

largest error in the linear approximation will occur when x = 0.1. This error is 0.1 — ln(l.l) « 0.00469 to five 
decimal places. 


(c) The approximation y = x for ln (1 + x) is best for smaller 
positive valúes of x; in particular for 0 < x < 0.1 in the 
graph. As x increases, so does the error x — ln (1 + x). 
From the graph an upper bound for the error is 
0.5 - ln (1 + 0.5) « 0.095; i.e„ |E(x)| < 0.095 for 
0 < x < 0.5. Note from the graph that 0.1 — ln (1 -I- 0.1) 
« 0.00469 estimates the error in replacing ln (1 + x) by 
x over 0 < x < 0.1. This is consistent with the estimate 
given in part (b) above. 



86 . For all positive valúes ofx, ¿ [ l n x ] = i • — = — i and ^ [ ln a — ln x ] = 0— = - 1. Since ln | and ln a — ln x have 

x 

the same derivative, then ln ^ — ln a — In x + C for some constant C. Since this equation holds for all positve valúes of x, 
it must be trae for x = 1 => ln 1 = ln 1 — ln x + C = 0 — ln x + C => ln 1 = —ln x + C. By part 3 we know that 
ln - = -ln x => C = 0 => ln - = ln a - ln x. 

X X 
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87. (a) y 



(b) y' = a ^_° s in x x . Since |sin x| and |cos x| are less than 
or equal to 1 , we have for a > 1 
< y' < for all x. 

Thus, lim y' = 0 for all x =>• the graph of y looks 

a— »+oo 

more and more horizontal as a —> + oo. 


88 . (a) The graph of y = y/x — ln x appears to be concave 
upward for all x > 0 . 

2.6 

2.4 

2.2 

2 

1.8 

1.6 

1.4 

1.2 

1 

0.8 

0.6 

5 10 15 20 

(b) y=^x-lnx =* =* y" = -sU+ ? = ;?(-£ + 0=0 =* ^ = 4 =* x=16 - 

Thus, y" > 0 if 0 < x < 16 and y" < 0 if x > 16 so a point of inflection exists at x = 16. The graph of 
y = a^/x — ln x closely resembles a straight line for x > 10 and it is impossible to discuss the point of 
inflection visually from the graph. 



7.3 EXPONENTIAL FUNCTIONS 


1. (a) e ~ 0 3t = 27 =>• ln e ” 0 31 = ln 3 3 => (—0.3t) ln e = 3 ln 3 =t> -0.3t = 3 ln 3 => t=-101n3 

(b) e kt = \ ln e kt = ln 2” 1 = kt ln e = - ln 2 =>• t = - ^ 

(c) e (ln0,2 7 = 0.4 =*> (e ln0 ' 2 )‘= 0.4 =>• 0.2‘ = 0.4 => ln 0.2'= ln 0.4 t ln 0.2 = ln 0.4 =>• t = 

2. (a) e' 001t = 1000 => ln e” 001t = ln 1000 => (—O.Olt) ln e = ln 1000 => -O.Olt = ln 1000 t = -100 ln 1000 

(b) e kt = ^ =>• ln e kt = ln ÍO ^ 1 = kt ln e = - ln 10 => kt = - ln 10 => t = - ^ 

(c) e (ln2)t =i => (e ln2 ) 1 = 2 _1 => 2 ‘ = 2“ 1 => t=-l 

3 . e ^ 1 = x 2 => lne^ t = lnx 2 =>■ \f\. = 2 ln x =>■ t = 4(ln x ) 2 

4. e x ~ e 2x+1 = e l =>- e x2+2x+1 = e l =>■ ln e x " +2x+1 = ln e l => t = x 2 + 2x + 1 

5. y = e~ 5x => y' — e~ 5x (—5x) => y' = — 5e~ 5x 

6 . y = e 2x / 3 => y' = e 2x / 3 ¿ (y) => y' = § e 2x / 3 

7. y = e 5 ~ 7x => y' = e 5 ~ 7x ¿ (5 — 7x) => y' = —7e 5 ~ 7x 

8 . y = e ( 4x/x+x2 ) y' = e ( 4 ^+ x2 ) £ (4 a/x + x 2 ) =>• y' 

9. y = xe x — e x => y' = (e x + xe x ) — e x = xe x 
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10. y = (1 + 2x) e~ 2x => y' = 2e~ 2x + (1 + 2x)e~ 2x ¿ (-2x) => y' = 2e" 2x - 2(1 + 2x)e" 2x = -4xe~ 2x 

11 . y = (x 2 — 2 x + 2 ) e x => y' = ( 2 x — 2 )e x + (x 2 — 2 x + 2 ) e x = x 2 e x 

12. y = (9x 2 — 6 x + 2) e 3x => y' = (18x — 6 )e 3x + (9x 2 — 6 x + 2) e 3x ¿ (3x) => y' = (18x — 6 )e 3x + 3 (9x 2 — 6 x + 2) 
= 27x 2 e 3x 

13. y = e 9 (sin 0 + eos 9) => y' = e 9 (sin 9 + eos 9) + e 9 (cos 9 — sin 9) = 2e 9 eos 9 

14. y = ln (30e~ 9 ) = ln 3 + ln 9 + ln e “ 9 = ln 3 + ln 0 — 9 => % = ji ~ 1 

15. y = eos (e~ 9 ~^ => % = — sin (e~ 9 ~^ ( e = ( — S3n ( e_9 ")) ( e ® (~# 2 ) = 20e -92 sin (e^ 9 ~^ 

16. y = 0 3 e ~ 29 eos 50 =>■ [j| = (30 2 ) (e ~ 29 eos 59) + (0 3 eos 50) e -29 ^ (—20) — 5(sin 50) (0 3 e~ 29 ) 

= 0 2 e -29 (3 eos 50 — 20 eos 50 — 50 sin 50) 

17. y = ln (3te“‘) = ln 3 + ln t + ln e~ l = ln 3 + ln t — t => ^ = l — 1 = ^ 

18. y = ln (2e-‘ sin t) = ln 2 + ln e“‘ + ln sin t = ln 2 - t + ln sin t f t = -1 + ( ¡ T ¡ ) | (sin t) = -1 + 

_ eos t — sin t 

sin t 

19. y = ln = ln e 9 - ln (l + e 9 ) = 0 - ln (l+e 9 ) =* % = 1 - ¿ (l + e 9 ) = 1 - ^ ^ 

20 - y = ln 7 Í 75="'^- 1 "( 1 + ^) => I = ( tí ) i (^) - ( tT 7 ¡) s (‘ + '#) 

_ ( 1 \ ( _ ( i \ { 4 'l _ + 1 _ 1 

\ 7 iJ\ 2Ve) \i+VeJ\2Ve) 20(1 + 79) 29(1 + 79) 29(1+91/2) 

21 . y = 7 cost+lnt ) = e cost e lnt = te cost ^ = e cost + te cost | (eos t) = (1 - t sin t)e cost 

22 . y = e slnt (ln t 2 + 1 ) =>■ ^ = e slnt (cos t) (ln t 2 + 1 ) + j e slnt = e slnt [(ln t 2 + 1 ) (eos t) + 2 ] 


23. sin e l dt =>• y' = (sin e lnx ) • d d (ln x) = 


24. y = ln t dt =* y' = (ln e 2x ) • ¿ (e 2x ) - (ln e 4 v^) • ¿ (e 4 v^) = (2x) (2e 2x ) - (4y/x) (e 4 ^) • ¿ (4^) 
4^xe 4 v /x (-2=) = 4xe 2x - Se 4 ^ 


= 4xe 


25. ln y = e y sin x => (l^ y' = (y'e y ) (sin x) + 


e 2 eos x 


y' (2 — e y sin x^j = e y eos : 


/ / 1 — ye y sin x \ 

y v y ) 


= e y eos x => y = y 


/ _ ye y eos x 


- yey sin x 


26. ln xy = e x+y => ln x + ln y = e x+y =» 1 + (l j y' = (1 + y') e x+y => y' (^ — e x+y ^ = e x+y — 4 

=* y' 


xe x+y — 1 . / _ y (xe x + y — 1) 

x y x(l— ye x + y) 
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27. e 2x = sin(x + 3y) => 2e 2x = (1 + 3y') cos(x + 3y) => 1 + 3y' = => 3y' = - 1 =► y' = 

28. tan y = e x + ln x =>■ (sec 2 y) y' = e x + j => y' = (xe + 3 - >cos y 

29. f (e 3x + 5e” x ) dx = - 5e“ x + C 30. f( 2e x - 3e~ 2x ) dx = 2e x + § e~ 2x + C 

J »ln 3 i o r° 

ln2 e x dx = [e x ]¡”j = e ln3 - e 1 " 2 = 3-2=1 32. dx = [~e- x ]°_ ln2 = -e° + e 1 " 2 = 

33. /8e( x+1 ) dx = 8e( x+1 > + C 34. /2e( 2x "0 dx = e( 2x ”7 + C 

35. f^e x/2 dx = [2e x / 2 ] ¡"^ = 2 [ e ( ln9 )/ 2 - e (ln4) / 2 ] = 2 (e ln3 - e ln2 ) = 2(3 - 2) = 2 

36. J 0 ' n 16 e x / 4 dx = [4e x / 4 ] „ 16 = 4 (e (ln 16 7 4 - e °) = 4 (e ln2 - l) = 4(2 - 1) = 4 

37. Let u = r 1 / 2 => du = \ r -1 / 2 dr =>• 2 du = r -1 / 2 dr; 

f^dr = f e rl/2 - r ” 1 / 2 dr = 2 f e u du = 2e u + C = 2e r '" + C = 2 e^ + C 

38. Let u = —r 1 / 2 => du = - i r ” 1 / 2 dr =t> -2 du = xr 1 ! 2 dr; 

dr = JV rV2 • r ^ 1 / 2 dr = -2 /e u du = -2e ^ /2 + C = -2e-^ + C 

39. Let u = —t 2 => du = —2t dt => —du = 2t dt; 
f 2te ~' 2 dt = -fe u du = -e u + C = -e ” t2 + C 

40. Let u = t 4 => du = 4t 3 dt => | du = t 3 dt; 

J t 3 e (1 dt = jfe u du= | e 1 ' + C 

41. Let u = - => du = — 4 dx =>■ —du = 4 dx; 

X X z X z 

/ + dx = f-e u du = -e u + C = -e 1/x + C 

42. Let u = -x ~ 2 =í> du = 2x -3 dx => \ du = x -3 dx; 

dx = f e _x 2 • X- 3 dx = i/e u du = \ e u + C = \ e "^ 2 + C = \ e-7 * 2 + C 

43. Let u = tan 6 =t> du = sec 2 0 d$; 0 = 0 => u = 0, 0 = | => u = 1; 

//(!+ e tanÉI ) sec 2 8 dd — J" ^ sec 2 8 dd + f e u du = [tan 0 ] q^ 4 + [e u ] ¿ = [tan (|) — tan (0)] + (e 1 — 

= (1— 0) + (e — l) = e 

44. Let u = cot 8 =>■ du = — esc 2 8 dd\ 8 = | => u = 1, 8 = | =t> u = 0; 

X/4 0 + eCOt9 ) csc2 0 d0 = X/4 csc2 ddd ~h eU du = [- cot 1/4 - [ e “] ? = [- cot (!) + cot (i)] 

= (0 + 1 ) — (1 — e) = e 


2e 2x — eos (x + 3y) 
3 eos (x + 3y) 


- 1 + 2=1 


e°) 


(e° — e 1 ) 
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45. Let u = sec 7 rt => du = n sec 7 rt tan 7 rt dt => — = sec 7 rt tan 7 rt dt; 

7T 

J' e sec (írt) sec tan dt = 7 Je u du = ^ + C = ^47 + C 


46. Let u = esc ( 7 r + t) => du = — esc (n + t) cot ( 7 r + t) dt; 

f e csc fr+^csc (t r + t) cot (tt + t) dt = - f e u du = -e u + C = -e csc ^ + C 

47. Let u = e v => du = e v dv => 2 du = 2e v dv; v = ln | => u = |, v = ln | => u = ¡; 

J »ln (7r/2) r»7r/2 /o 

inOr/6) 2eV cos eV dv = 2 J V 6 cos u du = [2 sin </ 6 = 2 [sin (|) - sin (I)] = 2 (1 - i) = 1 


48. Let u = e x “ => du = 2xe x ~ dx; x = 0 => u = 1, x = 
2 xe x " cos ^e x " j dx = /, eos u du = [sin u] \ = 


i/lñ 7r =>■ u = e ln7r = 7r; 
sin(7r) — sin(l) = — sin(l) 


-0.84147 


49. Let u = 1 + e r =>• du = e r dr; 

fih dr = /; du = ln |u| + C = ln (1 + e r ) + C 

50 - frh dx = f^ rr dx ; 

let u = e~ x + 1 => du = —e _x dx => — du = e~ x dx; 
f c“ + I dx = -Jidu = -ln|u|+C = -ln(e~ x + 1) + C 

51. ^ = e' sin (e ( — 2) => y = JV sin (e l — 2) dt; 

let u = e l — 2 => du = e ( dt => y = J"sin u du = — cos u + C = — cos (e l — 2) + C; y(ln 2) = 0 
=> — cos (e ln2 — 2) + C = 0 => — cos (2 — 2) + C = 0 => C = cos 0=1; thus, y = 1 — cos (e l — 2) 

52. ^ = e~ ( sec 2 (-Tre' 1 ) =>■ y = J e _t sec 2 ( 7 re~ l ) dt; 
let u = 7 re _t =>• du = — 7 re _t dt => — - du = e _t dt => y = 

7T J 

= tan ( 7 re _t ) + C; y(ln 4) = 2 - \ tan ( 7 re~ ln4 ) + C 

=► - d (D + C = | =s> C = |; thus, y = | — 7 tan ( 7 re _t ) 

53. § = 2e _x => g = -2e- x + C; x = 0 and [| = 0 => 0 = -2e° + C =>■ C = 2; thus g = -2e" x + 2 

=> y = 2e~ x + 2x + Ci; x = 0 and y = 1 => 1 = 2e° + Cj => Ci = -1 => y = 2e~ x + 2x - 1 = 2 (e~ x + x) - 1 

54. § = 1 - e 2t => f = t - i e 2t + C; t = 1 and f = 0 => 0 = 1 - ¡ e 2 + C => C = \ e 2 - 1; thus 

(jf = t - 2 e 2t + \ e 2 - 1 => y = \ t 2 - \ e 2t + (| e 2 - l) t + Q; t = 1 and y = -1 => -1 = \ - 2 e 2 + \ e 2 - 1 + Ci 
=► C x = -i-ie 2 =► y= it 2 -ie 2 ‘+(ie 2 -l)t-(i + ie 2 ) 

55. y = 2 X =>• y' = 2 X ln 2 56. y = 3~ x => y' = 3~ x (ln 3)(—1) = -3~ x ln 3 

57. y = 57* => ^ = 57* (ln 5) (| s -1 / 2 ) = (^) 5^ 

58. y = 2 S " => = 2 s2 (ln 2)2s = (ln 2 2 ) (s2 s2 ) = (ln 4)s2 s2 


— - I sec 2 u du = — - tan u + C 

7T J 7T 

— - =>■ — - tan (7t • |) + C = - 

7T 7T V 4/ 7T 
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59. y 

61. y 

62. y 

63. y 

64. y 

65. y 

66. y 

67. y 

68. y 

69. y 

70. y 

71. y 


x x => y' = 7rx (7r 60. y = t 1 e => ^ = (1 - e)t 

(eos 9)^ => | = -y/2 (eos fl)^ 1 ) (sin 9) 

(ln 9 f =* |=^(ln^ 1 )(i) = ía^ 

7 sec " ln 7 =» ^ = (7 secfl ln 7)(ln 7)(sec 9 tan 0) = 7 sec9 (ln 7) 2 (sec 9 tan 9) 

3 Ume ln 3 => | = (3 ta “ 9 ln 3)(ln 3) sec 2 9 = 3 ,an,, (ln 3) 2 sec 2 9 
2 sm3t => f t = (2 sin3t ln 2)(eos 3t)(3) = (3 eos 3t) (2 sin3t ) (ln 2) 

5 -cos2. ^ ^ = (5-«»2t ln 5) (sin 2t)(2) = (2 sin 2t) (5- cos2 ‘) (ln 5) 
log 2 50=í^ =* | = ( i i,)(i) (5 )=^ 

lo g 3 (1 + 0 ln 3) = EIL+iiüTi => | = ( ¡ i_)( T _^_) (ln 3 ) = _^_ 


ln x i ln x 2 _ ln x i o ln x 


ln x 


— in x i O m x o 

ln 4 1 ln 4 — ln 4 Z ln 4 — J ln 4 


=> y' = 


: ln 4 


x ln e _ ln x _ x _ ln x 

ln 25 2 ln 5 2 ln 5 2 ln 5 


= (¿i) ( x - ln x ) =* y' = (bis) i 1 - x) = 


2x ln 5 


x 3 log 10 x = x 3 ( i í^) = E i I5 x 3 lnx^y'= ^(x 3 • ± + 3x 2 ln x) = ¡beb + 3x2 1775 
72. y = log3r-log 9 r=(^)(^) = ÍIi ^ =* ^ = [omI ( 2 ln r) (7) = ^ 


r(ln 3)(ln 9) 


73. y = log 3 


((bl)" 3 ) = = (ln3 TÍ" ;) = ln (Ib) = ln (x + 1) - ln(x - 1) 


dy _ 1 


1 


-2 


dx x +1 x —1 (x+l)(x— 1 ) 


74- y = ios, 7(¿h) 1-5 = log, (¿y M ' 1 = = (¥) 

= iln7x-iln(3x + 2) =* g = ^ 


ln (arh) 

ln 5 


= I ln ( 

2 111 V 3x + 2 / 


3 _ (3x + 2) - 3x _ 1 

dx 2-7x 2-(3x + 2) 2x(3x + 2) x(3x + 2) 


75. y = 9 sin(log 7 9) = 9 sin (£f) => J = sin (j^) + 9 [eos (£f)] (¡nb) = sin(log 7 9) + ¡4, 


sin 6 eos 6 \ _ ln (sin 6) + ln (eos 6) — ln e — ln T _ ln (sin 6) + ln (eos 6) — 6 — 6 ln 2 


76. y = log 7 (blfb = 


sin 6 


ln 7 

_1 _ln _2 _ ( 1 


ln 7 


dy _ eos 0 

dd (sin 0)(ln 7) (eos 0)(ln 7) ln 7 ln 7 


77. y = iogioe^ = ^ = i ^ => y' = ibñ 


= (¡4y) (cot 9 — tan 9 — 1 — ln 2) 


70 v _ e-5 6 _ ^ v / _ ( 2 -M)(ff. 5 Hi n 5 + 5 H(i ) )-(g. 5 H)(- n L_) _ 5 e ln 5(2 — logs 0)(0\n 5 + 1) + 5 e 

y 2-£| ^ y (TTÜIj 2 ln 5(2 —logs O) 2 


i^x 2 + 3x 2 logio X 


eos (log 7 9) 
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408 Chapter 7 Transcendental Functions 

79. y = 3 log2t = 3 (ln,)/(ln2) => ^ = [3(tat>/ít.2)(in 3)] ( n ^) = 1 (i og , 3) 3“®' 


80. y = 3 logg (log 2 1) 


3 ln (log 2 t) _ 31 n(^j) 
ln 8 ln 8 


dy _ 

(J_) 

1 

( 1 ) - 3 _ 1 

dt 

V ln 8 / 

(ln t)/(ln 2) 

V t ln 2 / t(ln t)(ln 8) t(ln t)(ln 2) 


81. y = log 2 (8t ln2 ) = ln8 + ‘ n 2 (th2) = 31 n 2 + (ln2)(lnt) = 3 + ln t ^ g = 1 


tln((e 1 ° 3 ) sml ) _ t ln ( 3 sipt ) _ t( S intMln 3 ) 
oz, ‘ y — ln 3 — ln 3 


|n 3 — = t sin t => = sin t + t eos t 


83- fs'dx=£+C 


84. Let u = 3 - 3 X =4> du = -3 X ln 3 dx => -T?du = 3 x dx; 

ln3 ’ 


fj^ydx = -¿j/3 du = ET 3 ln | u | + C = - !í ^ 3 ^ + C 


85- ¡yd9 = £(±yde = 


K 

in (i) 


2 _ -1 


,(|) .«(i)” 1„(|) -2(lnl-ln2) 


1 

2 ln 2 


86 . fs 9 dO = fjl) H de 


K 

-a) 


(s) _ 1 /I OCA -24 _ 24 


‘(o no in a) 


ln 1 — ln 5 ln 5 


87. Let u = x 2 => du = 2x dx =>■ \ du = x dx; x = 1 => u = 1, x = y/l =>■ u = 2; 


J^x2 (x2) dx = /;(!) 2“ du = i [£] ; = (^) (2 2 - 2 1 ) = 

88. Let u = x 1 / 2 = 4 > du = ± x” 1 / 2 dx =í> 2 du = ^ ; x = 1 =>u=l,x = 4=^u = 2; 

2 v x 

JT S dx = f‘ 2 "" • »- w * *=T* 2 - <*»=[ff]=( ai (2* - 2*)= a 


89. Let u = eos t => du = — sin t dt ==> — du = sin t dt; t = 0 => u = 1, t = ? => u = 0; 


6 

ln 7 


C 7 cost sin t dt = -f° 7“ du = [- ¿V] ; = (¿i) (7 o - 7) 

90. Let u = tan t =>■ du = sec 2 1 dt; t = 0 => u = 0, t = ? => u = 1; 


/o' /4 (i) ,an, se c2 tdt= / o ‘(i) u du 


01 

ln (i) 


= (-¿5) fó) 1 -(l) C 


2 

3 ln 3 


£ =2u(lnx+l) 


91. Let u = x 2x => ln u = 2x ln x => i g = 2 ln x + (2x) (i) 
x = 2 =» u = 2 4 = 16, x = 4 u = 4 8 = 65,536; 

f* x 2x (l + ln x) dx = | J“' 536 du = \ [u]“’ 536 = \ (65,536 - 16) = = 32,760 


4 du = x 2x ( 1 + ln x) dx 


92. Let u = 1 + 2 x2 du = 2 x2 (2x)ln2dx =4> j^du = 2 x 'xdx 

f x2 *~ dx — 1 f Idu — ! lnlul + C — ln ^ 1+ " 1 + C 

J i + 2 x2 ° X 2 \n 2 J u QU 21n2 m l U l^^ 21n2 + ^ 


93. f 3x^ dx = + c 


94. 


/ x(^-‘) 




dx -75 +C 
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2 + l) dx = [ X (^)l 3 = 3(' fl+ 
/ L Jo 


96. dx 


' x ln2 1 e _ e ln2 - l ln2 _ 2^1 _ J_ 
. ln 2. i ln 2 ln 2 ln 2 


97. f = Sft)(l)dx; [u = lnx =¡. du = 1 dx] 

- J(¡?ra) (Í) dx= ^ /udu = (^1 (|u=) +C = ^ +C 

98 dx = (i) dx; [u = ln x du = i dx; x = 1 =» u = 0, x = 4 => u = ln 4] 

- /,‘(n) (í) dx = X“(¿,)udu = (¿) [| „d] r = (¿j) [J(ln4) ! ] = <m = “Sií = 1"4 

99 dx = /*(“) (gf) dx — /'dLS dx = [|<lnx) 2 ]J = i[(ln4) J -(ln 1)=] = i <ln 4)= = ¡ (2 ln 2? = 2(ln 2) 2 


i oo. r 2ini ° (iog .. x) dx= p 

J1 X J 1 


101. dx = ETI r [ln(x + 2)] (^) dx = (üP) {i 

/ J_\ 4(ln 2) 2 _ (ln 2) 2 1 _ 3 ln 9 
V ln 2 / 2 2 J — 2 111 ^ 


(ln ; i ° n )( io 1 ) nx) Q) dx = [(ln x) 2 ][ = (ln e) 2 - (ln l) 2 = 1 


(ln (x + 2)) 2 1 _ /J_\ (ln 4) 2 _ (ln 2)‘ 

2 J Q V ln 2 / 2 2 


102 _ dx = ^ f" Jln(lOx)] (¿) dx = (^) ' 


(ln(10x)y 

20 


/^0_\ ' 
V ln 10 ) 


(ln 100) 2 (ln l) 2 
20 2 



4(ln 10) 2 ’ 

V ln 10 / 

20 


103. / o 9 ^p±didx = 


dx = hTíofo ln ( x + O (ítt) dx = (no) [n^¿] = (ePo) ' 


(ln 10) 2 _ (ln l) 2 


2 2 


= ln 10 


104. / 


dx - 4, f 
2 x - 1 ln 2 J 2 


/(lux-litó) dx=(A)[M][=(A)[l 


2 2 


- In2 


1° 5 - f ñt~ x = f( nr) 0 dx = d" 10) / (eP) (1) dx ; [u = lnx => du = i dx] 

-» (ln 10) f (n) (1) dx = (ln 10) / i du = (ln 10) ln |u| + C = (ln 10) ln |ln x| + C 


106- / = f = (ln 8)2 5 ^ dx = (ln 8 > 2 ^ + C = ^ TT + C 

107. i dt = [ln |t|] ’, nx = ln ¡ln x| — ln 1 = ln (ln x), x > 1 

108. Jj y dt = [ln |t|] j* = ln e x — ln 1 = x ln e = x 

r*l/x . 

109. J ¡ i dt = [ln |t|][ /x = ln 111 — ln 1 = (ln 1 - ln |x|) - ln 1 = -lnx, x > 0 
110- ETI f* t dt = [wi ln It|] i = EE - El = l°g4 x > x >° 

111. y = (x + l) x => lny = ln(x+ l) x = xln(x+ 1) => ¿ = ln(x + 1) + x • 7^ => y' = ( x + l) x + !n(x + !)] 
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112. y = x 2 + x 2x => y — x 2 = x 2x =>■ ln(y - x 2 ) = ln x 2x = 2x ln x => (y' - 2x) = 2x • i + 2 ■ ln x = 2 + 21n x 

y' - 2x = (y - x 2 )(2 + 21nx) y' = ((x 2 + x 2x ) - x 2 )(2 + 21nx) + 2x = 2(x + x 2x + x 2x lnx) 

113. y = (y/t)‘ = (t 1/2 )‘ =F 2 =>lny = ln f/ 2 = (|) lnt=> i % = (|) (ln t) + (|) (i) = ^ ¡ 

=►$ = (>/*)* (¥ +¿) 

114. y = t' /t = t^ =4> ln y = ln t< ,I/2 > = (t 1 / 2 ) (ln t) 1 ^ = (i r 1 / 2 ) (ln t) + t 1 / 2 (I) = í|k±£ => f 

115. y = (sin x) x => ln y = ln (sin x) x = x ln (sin x) => y - = ln(sin x) + x => y' = (sin x) x [ln (sin x) + x cot x] 

116. y = x slnx => ln y = ln x sinx = (sin x)(ln x) => y = (eos x)(ln x) + (sin x) (y) = Sln x + x(1 " x)(cos x) 


117. 


118. 


y = sin x x =>■ y ' — eos x x (x x ) ; if u = x x =>■ ln u = ln x x = x ln x => y = x • i + 1 • ln x = 1 + ln x 
=>• u' = x x (l + lnx) => y' = cosx x • x x (l + lnx) = x x cosx x (l + lnx) 

y = (ln x) lnx =* ln y = (ln x)ln(ln x) => ¿ = (i) ln(ln x) + (ln x) (^) £ (ln x) = ^ + ± 

=4>y' = ( ln(lnx) + 1 ) (ln x) lnx 


119. f(x) = e x — 2x =>• f'(x) = e x — 2; f'(x) = 0 => e x = 2 => x = ln 2; f(0) = 1, the absolute máximum; f(ln 2) = 2 — 2 ln 2 
« 0.613706, the absolute minimum; f(l) — e - 2 « 0.71828, a relative or local máximum since f"(x) = e x is always 
positive. 


120. The function f(x) = 2e sin -> 1] has a máximum whenever sin | = 1 and a minimum whenever sin | = — 1. Therefore the 
máximums occur at x = 7r + 2k(27r) and the minimums occur at x = 37r + 2k(27r), where k is any integer. The máximum 
is 2e « 5.43656 and the minimum is - « 0.73576. 

e 


121 . f(x) = xe~ x => f'(x) = xe~ x (—1) + e~ x = e~ x — xe~ x =í> f"(x) = —e _x — (xe~ x (—1) + e~ x ) = xe~ x — 2e~ x 

(a) f'(x) = 0 =>• e~ x — xe~ x = e~ x (l — x) = 0 =í> e~ x = 0 or 1 — x = 0 =>■ x = 1, f(l) = (l)e _I = T using second 

derivative test, f"(l) = (l)e~* — 2e~' = — i < 0 =>• absolute máximum at (l, i) 

(b) f"(x) = 0 => xe~ x — 2e~ x = e~ x (x — 2) = 0 =>• e~ x = 0orx — 2 = 0=^x = 2, f(2) = (2)e~ 2 = since 

f"(l) < 0 and f"(3) = e _3 (3 — 2) = ^ > 0 => point of inflection at (2, 


122 f(xl = e x f'fxl = ( 1 + e2x ) e?! — e x (2e 2x ) _ e * _ e 3lt _ (1 + e 2 *) 2 (e* - 3e 3x ) - (e* - e 3x ) 2 (1 + e 2 *) (2e : 

' 12 t + e 2x w (1 +e 2x ) 2 (1 4- e 2x ) 2 1 2 bi+e 2 *' 2 ! 2 


e x (1 — 6e 2x + e 4 ’ 
(1 +e 2x ) 3 


(a) f'(x) = 0 => e x - e 3x = 0 => e x (1 - e 2x ) = 0 => e 2x = 1 =4> x = 0; f(0) = 

f'(x) = undefined => (1 + e 2x ) 2 = 0 =>■ e 2x = — 1 => no real Solutions. Using the second derivative test, 
f"(0) = 6 ^ (i + ezio^ 6 —“ — x < 0 => absolute máximum at (0, |) 

(b) f"(x) = 0 => e x (l - 6e 2x + e 4x ) e x = 0 or 1 - 6e 2x + e 4x = 0 => e 2x = -(-e^x/36^4 = 3 ± 2y/2, 


=> x = 


ln 3+2 


yT) 




n(3-2^)\ _ ^3 — 2'Jl. 
2 ) 4 — 2\fl ’ 
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since f"(— 1) > 0, f"(0) < 0, and f"(l) > 0 => points of inflection at 


ln (3+2 v/1) + 

2 ’ a + 2^/2 


in ^ 3 — 2 v 2 J ^3-2^2 \ 

2 ’ 4 — 2\¡2 )' 


123. f(x) = x 2 ln 1 f'(x) = 2x ln i + x 2 (1) (-x“ 2 ) = 2x ln 1 - x = -x(2 ln x + 1); f'(x) = 0=>x = 0orlnx = -i 


Since x = 0 is not in the domain of f, x = e l ! 2 = -X . Also, f'(x) > 0 for 0 < x < -X and f'(x) < 0 for x > -X . 

v e v e V e 


Therefore, f j ln y/e = j ln e 1 / 2 = / 


= 77- ln e = is the absolute máximum valué of f assumed at x = -X . 

ze ze y/e 


124. f(x) = (x — 3) 2 e x =>■ f'(x) = 2(x — 3) e x + (x — 3) 2 e x 
= (x - 3) e x (2 + x — 3) = (x — l)(x — 3) e x ; thus 
f'(x) > 0 for x < 1 or x > 3, and f'(x) < 0 for 
1 < x < 3 => f( 1) = 4e « 10.87 is a local máximum and 
f(3) = 0 is a local minimum. Since f(x) > 0 for all x, 
f(3) = 0 is also an absolute minimum. 


/(x)=(*-3)V/5 


\f(x)= (x-lHx-3)e x 


125. f o ' n3 (e 2x - e x ) dx = [f - e x ] ^ = (^ - e 1 " 3 ) - (# - e°) = (| - 3) - - l) = § - 2 = 2 

126. £‘ n2 (e x / 2 - e” x / 2 ) dx = [2e x / 2 + 2e~ x / 2 ] 21n2 = (2e ln2 + 2e- ln2 ) - (2e° + 2e°) = (4 + 1) - (2 + 2) = 5 - 4 = 1 

127. L = J 1 + £ dx => ^ y = e x / 2 + C; y(0) = 0 => 0 = e° + C => C = -1 =>• y = e x/2 - 1 


128. S = 2nf‘ n2 (^) ^l + (^) 2 dy = 2 7 t (^) \J\ + \ (e 2y — 2 + e _2y ) dy 

= 2 n£ 2 (^) dy = 27r / 0 ln2 (^) 2 dy = ¡ + 2 + e^dy 


= 2-J 0 " (^) d 7 = 2 - fr ) dy = | J 0 ( e2y + 2 + e 

= f [\ e 2y + 2y - i e“ 2y ] J 2 = ¡ [Q e 21n2 + 2 ln 2 - ¡ e’ 21 " 2 ) - {\ + 0 - ¡)] 
= |(i-4 + 21n24*l.l) = |( 2 -I+ 21 n 2 )= 7 r(||+ln 2 ) 


129. y = |(e x + e~ x ) =* g = i(e x - e-); L = XV 1 + (K eX ~ e “ x )) 2 d * = XV 1 + £ - ¡ + ^ d x 
= Jo t/ 1 T + 5 + ? dx = f o X(i(e x + e- x )) 2 dx = f g ¡(e x + e - x ) dx = i[e x - e - x ]¿ = |(e — ¿) 


0 = 6-1 
u 2 e 


130. y = ln(e x - 1) - ln(e x + l)=>g = s¡ ! É T -p$ T = 5 JÉ T ;L = £ y/1 + (^) 2 dx = £\A + 


ln2 y (e 2x — 1 ) 


- /?^H* dx= dx= dx = r 3 4±i dx= ridx 

-l) 2 Jln2 Y (e 2x — l) 2 Jln2 V (e 2x -l) 2 Jln2 e 2x - 1 Jln2 e2 *~ 1 

; let u = e x — e~ x => du = (e x + e~ x )dx, x = ln2 => u = e ln2 — e~ ln2 = 2 — ^ = 3 , x = ln 3 
11,3 = 3 - 5 = l] - Swl du = [ln |u|] = ln(|) - ln(|) = ln(f) 


I e , + e _x dx 

I ln 2 e —e x 


u = e ln 3 — e ln 3 = 


131. y = Incosx =>■ g = = —tanx; L = 

J dx eos x 


i; l4 yfl + (—tanx) 2 dx = 1 + tan 2 x dx = J^Vsec 2 x dx 


X secx dx = [ln |secx + tanxflg 4 = (ln |sec(|) + tan (j)|) — (0) = ln^y/2 + 1^ 
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132. y = lncscx ^ — ~ cs c c s ^° tx = —cotx; L = J' j \J 1 + (— cotx) 2 dx = J^ \J 1 + cot 2 x dx = J ^ \J csc 2 x dx 
= X/6 cscxdx = [-ln|cscx + cotx|]^g = (—ln |csc(|) +cot(|)|) + (ln|csc(|) +cot(|)|) 

= -l„(^+l)+l„(2 + y5)=ln(^I) 

133. (a) ^ (x ln x — x + C) = x • i + ln x — 1 + 0 = ln x 

(b) average valué = ¿tttX ln x dx = ^ [x ln x - x] \ = [(e ln e - e) - (1 ln 1 - 1)] = ¿y (e - e + 1) = 

134. average valué = jzj d dx = l x l] i = In 2 — In 1 = ln 2 


135. (a) f(x) = e x => f'(x) = e x ; L(x) = f(0) + f'(0)(x - 0) => L(x) = 1 + x 

(b) f(0) = 1 and L(0) = 1 => error = 0; f(0.2) = e 0 2 w 1.22140 and L(0.2) = 1.2 => error « 0.02140 


(c) Since y" = e x > 0, the tangent line 

approximation always lies below the curve y = e x . 
Thus L(x) = x + 1 never overestimates e x . 



136. (a) y = e x => y" = e x > 0 for all x => the graph of y = e x is always concave upward 

r»ln b 

(b) area of the trapezoid ABCD < J e x dx < area of the trapezoid AEFD => ' (AB + CD)(ln b — ln a) 

< e x dx < ^ e '"“ e '" h j (ln b — ln a). Now \ (AB + CD) is the height of the midpoint 

M = e (lna+lllb)/2 since the curve containing the points B and C is linear => e (lna+lnb)/2 (ln b — ln a) 

< X” b e x dx < ( e ‘ na + e ‘° b ) (ln b - ln a) 

(c) J" e x dx = [e x ] = e lnb — e lna = b — a, so part (b) implies that 

e (lna+'nb)/2 (l n b - ln a) < b - a < ( e ‘ na + elllb ) (ln b - ln a) => e (lna+lnb)/2 < i _b 5 ¿_ < a±b 

pin a , / plnb / b-a ^ a + b v Í~Z / b-a / a + b 
C V C ^lnh-lna^ 2 V dU ^ l n h - ln a ^ *2 


~lna/2 ~lnb/2 / b — a / a + b 
C ^ ln b — ln a ^ 2 


ln b — ln a 2 


ln b — ln a 2 


137. A = f 2 y+j 2 dx = 2 J o j-^2 dx; [u = 1 + x 2 =4> du = 2x dx; x = 0 => u = 1, x = 2 => u = 5] 


A = 2 


f 5 i du = 2 [ln |u|] i = 2(ln 5 - ln 1) 


= 21n5 


138. A = f' i 2^dx = 2fjiy d x = 2 ¡UL = ~2) = £ 
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139. From zooming in on the graph at the right, we estímate 
the third root to be x « —0.76666 


140. The functions f(x) = x ta2 and g(x) = 2 tax appear to 
have identical graphs for x > 0. This is no accident, 
because x 1 ” 2 = e ln2 ' tax = (e ln2 ) lnx = 2 lnx . 


y 



y 



141. (a) 
(b) 



-1 =£3 o 53 T 


142. (a) f(x) = log 3 x =» f (x) = ^ , and f(3) = £§ =► L(x) = ^3 (x - 3) + = 3^3 - + 1 « 0.30x + 0.09 



143. (a) The point of tangency is (p, ln p) and m tang ent = j; since gj = j - The tangent line passes through (0, 0) => the 

equation of the tangent line isy = i x. The tangent line also passes through(p, ln p) => ln p = fp = 1 => p = e, and 

the tangent line equation is y = jx. 

(b) = — ¿ for x / 0 4- y = ln x is concave downward over its domain. Therefore, y — ln x lies below the graph of 
y = i x for all x > 0, x 7^ e, and ln x < | for x > 0, x 7^ e. 

(c) Multiplying by e, e ln x < x or ln x e < x. 

(d) Exponentiating both sides of ln x e < x, we have e lnx ° < e x , or x e < e x for all positive x/e. 

(e) Let x = 7r to see that 7r e < e n . Therefore, e 77 is bigger. 
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144. Using Newton's Method: f(x) = ln(x) — 1 => f'(x) = i =>■ x n+ i = x n — ln<x ” > 1 => x n+ i = x n 2 — ln(x n ) 

xn 

Then, x¡ = 2, X2 = 2.61370564, X3 = 2.71624393, and X5 = 2.71828183. Many other methods may be used. For 
example, graph y = ln x — 1 and determine the zero of y. 

7.4 EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS 

1. (a) y = e~ x =)> y' = — e~ x => 2y' + 3y = 2 (—e~ x ) + 3e~ x = e~ x 

(b) y = e~ x + e~ 3x/2 => y' = — e~ x — § e~ 3x/2 => 2y' + 3y = 2 (—e~ x — | e~ 3x/2 ) + 3 (e~ x + e~ 3x/2 ) = e~ x 

(c) y = e~ x + Ce~ 3x/2 =>• y' = — e~ x — 3 Ce~ 3x/2 => 2y' + 3y = 2 (—e~ x — | Ce~ 3x/2 ) + 3 (e~ x + Ce~ 3x/2 ) = e~ x 


2. (a) y=-* =* y'=¿ = (-I) 2 = y 2 


(b) y = 


x + 3 


=► y' = 


(x + 3) 2 


1 

(x + 3) 
2 


= y 


( c ) y = x+c =>• y' = = [ — x+c] = y 2 


3- y = x £ f dt =* y' = - ^f¡i dt + G) (f) =► x 2 y' = -fif dt + e x = -x (i £f dt) + e x = -xy + e x 


=>• x 2 y' + xy = e x 


4 - y=7T=7/, X v / H : Fdt =* y 


/ _ _ 1 
2 


4x ó 




1 +x 4 


/; v TTÍdt + 7 +^(/TT+) 


y'=(TS)(7TT7/,‘A+^ dl ) + l =>■*'= (f£)y+ ¡ =► y'+Tfi?'y= 1 


5. y = e x tan 1 (2e x ) => y' = — e x tan 1 (2e x ) + e 


L 1 + (2e x ) 2 J 


(2e x ) = -e x tan 1 (2e x ) + y^¡ 


=> y' = -y + =► y’ + y = ; y(- ln 2) = e ( ln2) tan 1 (2e ta2 ) = 2 tan 1 1 = 2 (f ) = 

6. y = (x - 2) e~ x2 => y' = e- x2 + (-2xe- x2 ) (x - 2) => y' = e- x2 - 2xy; y(2) = (2 - 2) e~ 22 = 0 


7 _ eos X . I _ -X sin x - eos X sin x 1 / cos_x\ . r _ __ sinx y . I _ _ • . y . ,, _ 

'• y- x =^y - x 2 =^y- x % i x ) ^ y — x x ^ x y - smx y *y -i- y — 


sin x 


y (|) = =0 


(tt/2) 


8- y = iF7 =* y' = 


ln x - 




(ln x) 2 


^ y — lnx 


(ln x) 2 


=* x ^y = íti 


(ln x) 2 


9 / 

x y = xy ■ 


y 2 ;y(e) = i^ = e 


9. 2yxy g = 1 => 2x 1 /2y 1 /2 dy = dx => 2y 1 / 2 dy = x~ 1 ! 2 d x => f 2y 1 / 2 dy = f x^ 1 / 2 dx 2 (| y 3/2 ) = 2x x / 2 + C :1 
=> | y 3/2 _ x l/2 = C where C = i Ci 

10. g = x 2 y/y =>• dy = x 2 yF 2 dx => y~ x ¡ 2 dy = x 2 dx => f y" 1 / 2 dy = fx 2 dx => 2y x / 2 = f + C => ly 1 ! 2 - i x 3 = C 

11. = e x_y => dy = e x e~ y dx => e y dy = e x dx =í> J'e y dy = J"e x dx =>■ e y = e x + C => e y — e x = C 

12. = 3x 2 e~ y =>• dy = 3x 2 e~ y dx => e y dy = 3x 2 dx => J'e 5 ' dy = J 3x 2 dx => e y = x 3 + C =>• e y — x 3 = C 
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13 - ¿ =5>dy= ( v ^ cos 2 v / y) dx: 


!v7 


dy = dx => j sec dy = J dx. In the integral on the left-hand 


side, substitute u = y/y => du = T^/ydy => 2 du = -J^dy, and we have J sec 2 u du = J' dx 2 tan u = x + C 
=> — x + 2 tan ^/y = C 


14 . 


y/ 2 xy g = 1 => dy = dx x/^^/ydy = dx =>• y /2 y 1/2 dy = x ~ 1/2 dx => y/l f y m dy = fx ~ 112 dx 
=> y /2 ^ dy = f + C, => xfl y 3/2 = 3 ^ + \Ci ^ y/l (^y ) 3 - 3 ^ = C, where C = \C X 


15 . v / ^I=e y+ ' /x ^I = ^ ^dy=^dx^e-dy= ^ dx => J e y dy = f ^/= dx. In the integral on the right- 

hand side, substitute u = ^/x => du = dx =>■ 2 du = dx, and we have f s y dy = 2 J"e u du => —e~ y = 2 e u + Ci 
=> — e~ y = 2 e^ + C, where C = — Q 


16 . (sec x) ^ = e y+smx =>■ ^ = e y+smx eos x =>- dy = (e y e smx eos x)dx =>• e y dy = e slnx eos x dx 


=> J'e y dy — J e slnx eos x dx => — e y = e slnx + Ci => e y + e smx = C, where C = —Ci 

17 . ^ = 2 x s/\ — y 2 => dy = 2 x ^/1 — y 2 dx =>■ , dy , = 2 xdx =>■ j , dy 2 — f 2 xdx => sin -1 y = x 2 + C since |y| < 1 


y = sin(x 2 + C) 


18 . s = => d y = í^ dx =► d y = W dx = ^ dx => e 2y dy = e x dx =► f e 2y dy = fe dx =► f = e x + Q 

=> e 2y - 2e x = C where C = 2Ci 

19. y 2 ^ = 3x 2 y 3 - 6x 2 => y 2 dy = 3x 2 (y 3 - 2)dx => dy = 3x 2 dx =*► f dy = f 3x 2 dx =>• iln|y 3 - 2| = x 3 + C 


20 . ^ = xy + 3 x- 2 y -6 = (y + 3 )( x - 2 ) => ^dy = (x - 2 )dx =>/^dy = f (x - 2 )dx 


ln|y + 3 | = |x 2 - 2 x + C 


21 - xS = y ex2 + 2 0' ex2 = ex2 (y + 2 ^y) =► v+k^ d y = xex2dx =* /yr^ dy = / xex2dx 

=► / ^ +2) dy = /xe x2 dx =* 2 ln| ^/y + 2| = |e x2 + C =► 4 ln|^/y + 2| = e x2 + C => 4 ln(0i + 2) = e x2 + C 

22 . | = e x ~ y + e x + e“ y + 1 = (e~ y + l)(e x + 1) => g^-dy = (e x + l)dx ^ J' F d TT dy = J(e x + l)dx 

=> J ydj^ydy = f (e x + l)dx => ln|l + e y | = e x + x + C => ln(l + e y ) = e x + x + C 

23. (a) y = y 0 e kt =>• 0.99y 0 = y 0 e looOk => k = w -0.00001 

(b) 0.9 = e ( - 0 00001)t =» (-0.00001)t = ln(0.9) =» t = « 10,536 years 

(c) y = y 0 e (20 ’ 000)k w y 0 e~ 02 = y 0 (0.82) 82% 

24. (a) | = kp => p = poe 1 * where p 0 = 1013; 90 = 1013e 20k ^ k = Elgo^Mlgij) _ _ 0 m 

(b) p = 1013e- 605 w 2.389 millibars 

(c) 900 = 1013e ( - om)h -0.121h = ln(^) =» h = EíM3)_íeí?oo) ~ q. 977 km 

25. ^ = —0.6y => y = y 0 e _06t ; y 0 = 100 => y = 100e~ 06t =$■ y = lOOe -06 « 54.88 grams when t = 1 hr 
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26. A = A 0 e kt => 800 = 1000e 10k => k = => A = 1000e (ln<0 8 )/ 10)t , where A represents the amount of sugar that 

remains after time t. Thus after another 14 hrs, A = 1000e (ln(08)/10)24 « 585.35 kg 

27. L(x) = L 0 e kí =>■ y = L 0 e~ 18k =$■ ln | = — 18k =$■ k = ^ w 0.0385 =>■ L(x) = Loe~ 00385x ; when the intensity is 
one-tenth of the surface valué, yg = Lne ~ 0 0385x => ln 10 = 0.0385x => x « 59.8 ft 

28. V(t) = Voe _t/40 => O.lVo = Voe _t/40 when the voltage is 10% of its original valué => t = —40 ln (0.1) « 92.1 sec 

29. y = yoe kt and y 0 = 1 => y = e kt => at y = 2 and t = 0.5 we have 2 = e 0 5k =>• ln 2 = 0.5k => k = = ln 4. 

Therefore, y = e (ln4)t =>■ y = e 241n4 = 4 24 = 2.81474978 x 10 14 at the end of 24 hrs 

30. y = y 0 e kt and y(3) = 10,000 => 10,000 = yoe 3k ; also y(5) = 40,000 = yoe 5k . Therefore y 0 e 5k = 4y 0 e 3k 

=>■ g 5 k _ 4 e 3 t e 2 k = 4 k — ln 2. Thus, y = y 0 e (ln2)t => 10,000 = yoe 3ta2 = y 0 e ln8 => 10,000 = 8 yo 
=> y 0 = = 1250 

31. (a) 10,000e k(1 > = 7500 => e k = 0.75 => k = ln 0.75 and y = 10,000e (l ” 075 > , . Now 1000 = lO^GOe' 1 " 075 )' 

=> ln 0.1 = (ln 0.75)t => t = ~ 8-00 years (to the nearest hundredth of a year) 

(b) 1 = 10,000e (ln0 75)t => ln 0.0001 = (ln 0.75)t =$■ t = ll j n ° 0 °°° 1 « 32.02 years (to the nearest hundredth of a year) 

32. (a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth, 

P = 257,313,43 le kt and 257,313,432 = 257,313,43 le (14k/31 ’ 536 ’ 000) => ln (üMifff) = ji^ooo => k ~ 0.0087542 

(b) P = 257,313,43 le ( 00087542 ) d 5 ) ss 293,420,847 (to the nearest integer). Answers will vary considerably with the 
number of decimal places retained. 


33. 0.9Po = Poe k => k = ln 0.9; when the well's output falls to one-fifth of its present valué P = 0.2Po 

e (ino.9)t ^ ln (0.2) = (ln 0.9)t 15.28 yr 


0.2P 0 = P 0 e (lnO - 9)t => 0.2 


34 -( a ) 37 = ~ Ibó P ^ f = -M) dx= ^ ln P = ^M) x + C ^P = el 

p(100) = 20.09 => 20.09 = Cje'- 001 )' 100 ) => Ci = 20.09e w 54.61 =* 

(b) p(10) = 54.61e ( ~ 001)(10) = $49.41, and p(90) = 54.61e ( -° 01 >( 90 > = $22.20 

(c) r(x) = xp(x) => r'(x) = p(x) + xp'(x); 

p'(x) = -.5461e-° 01x r'(x) 

= (54.61 - .5461x)e-° 01x . Thus, T(x) = 0 
=> 54.61 = ,5461x => x = 100. Since r' > 0 

for any x < 100 and r' < 0 for x > 100 , then 
r(x) must be a máximum at x = 100 . 


(—O.Olx+C) 

p(x) = 54.61e 

r (x) 


V 
—O.Olx 


(in dollars) 



35. A = A 0 e kt and A 0 = 10 =>• A = 10e kt , 5 = 10e k(24360 > k = « -0.000028454 ^ A = lOe' 0000028454 ', 

then 0.2(10) = iOe- 0000028254t => t = _ 0 . 0 o Q o 2 2 845 4 « 56563 years 

36. A = A 0 e kt and \ A 0 = A 0 e 139k =>• \ = e 139k => k = w -0.00499; then 0.05A 0 = Aoe-° 00499t 

=> t = _S 9 ~ 600 da y s 

37. y = y 0 e~ kt = y 0 e~ (k)(3/k) = y 0 e~ 3 = S < = (0.05)(yo) => after three mean lifetimes less than 5% remains 
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38. (a) A = A 0 e- kt =>• \ = e - 2 645k => k = ^ « 0.262 

(b) £ « 3.816 years 

(c) (0.05)A = Aexp(-7||t) =» -ln20 = (- t =»• t = 2 ~ 64 ^ 20 » 11.431 years 

39. T - T s = (T 0 - T„) e- kt , T 0 = 90°C, T s = 20°C, T = 60°C => 60 - 20 = 70e- 10k => f = e - 10k k = ^ « 0.05596 

(a) 35 — 20 = 70e~ 005596t => t w 27.5 min is the total time => it will take 27.5 — 10 = 17.5 minutes longer to reach 35°C 

(b) T - T s = (T 0 - T s )e- kt , T 0 = 90°C, T s = -15°C => 35 + 15 = 105e-° 05596t => t « 13.26 min 


40. T - 65° = (T 0 - 65°)e- kt => 35° - 65° = (T 0 - 65°)e- 10k and 50° - 65° = (T 0 - 65°)e- 20k . Solving 

-30° = (T 0 - 65°)e- 10k and -15° = (T 0 - 65°)e- 20k simultaneously =>• (T 0 - 65°)e- 10k = 2(T 0 - 65°)e- 20k 
=>• e 10k = 2 => k = and -30° = ^0- =>• -30° [e 10 ^) ] = t 0 - 65° => T 0 = 65° - 30“ (e 1 " 2 ) = 65° - 60° = 5 o 


41. T - T s = (T 0 - T„) e- kt => 39 - T s = (46 - T s ) e- 10k and 33 - T s = (46 - T„) e- 20k => 

(33 - T S )(46 - T.) = (39 - T s ) 2 =► 


39—T s 


= e 


and 


33-T, __ g—20k 


33—T s 


_ — í P - 10k T _ 

46—T s — ^ — V c ) -r 46—T s 

= 1521 - 78T S + T 2 =4> -T s = 3 => T s = -3°C 


( 39-T. V 
^ 46—T s ) 


46—T s 

1518-79T S +T 2 


42. Let x represent how far above room temperature the silver will be 15 min from now, y how far above room temperature the 
silver will be 120 min from now, and t 0 the time the silver will be 10°C above room temperature. We then have the 
foliowing time-temperature table: 


time in min. 

0 

20 (Now) 

35 

140 

to 

temperature 

T s + 70° 

T s + 60° 

T s + x 

T s + y 

T s + 10° 


T - T s = (T 0 - T„) e- kt => (60 + T s ) - T s = [(70 + T s ) - T s ] e- 20k =>• 60 = 70e- 20k =>- k = (- ln (f) « 0.00771 

(a) T - T s = (T 0 - T s ) e - 0 00771t => (T s + x) - T s = [(70 + T s ) - T s ] e -( 000771 )( 3 5) => x = 70e-° 26985 « 53.44°C 

(b) T - T s = (T 0 - T s ) e - 0 00771t =*► (T s + y) - T s = [(70 + T s ) - T s ] e <° 00771 )( 14 °) => y = 70e-‘ 0794 « 23.79°C 

(c) T - T s = (T 0 - T s ) e - 0 00771t => (T s + 10) - T s = [(70 + T s ) - T s ] e -( 0 00771 >‘° => 10 = 70e- 0 00771t " 

=>■ ln (i) = —0.00771t 0 => to = (— 00 q 771 ) ln (i) = 252.39 =>■ 252.39 — 20 « 232 minutes from now the 
silver will be 10°C above room temperature 

43. From Example 4, the half-life of carbon-14 is 5700 yr =>■ \ Co = Coe~ k(5700) => k = ~ 0.0001216 => c = c 0 e _o - 00012161 

=► (0.445)c 0 = c 0 e- 00001216t =► t = w 6659 years 


44. From Exercise 43, k « 0.0001216 for carbon-14. 

(a) c = coe- 0 0001216 ' ^ (0.17)c 0 =c 0 e-° 00012161 =» t « 14,571.44 years =>• 12,571 BC 

(b) (0.18)c 0 = c 0 e-° 00012161 =>• t « 14,101.41 years =4> 12,101 BC 

(c) (0.16)c 0 = c 0 e-° 00012161 =>• t « 15,069.98 years =>• 13,070 BC 

45. From Exercise 43, k « 0.0001216 for carbon-14 => y = yoe” 00001216t . When t = 5000 
=> y = y oe -o o°°i 21 6(5000) py o.5444y 0 => ^ « 0.5444 => approximately 54.44% remains 


46. From Exercise 43 

^ . _ ln (0.995) 
^ 1 — -0.0001216 


, k 


« 0.0001216 for carbon-14. Thus, c = coe- 000012161 
41 years oíd 


=> (0.995)c 0 = coe- 00001216t 
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7.5 INDETERMINATE FORMS AND L'HOPITAL'S RULE 


X 2 


2. l'Hopital: lim^ 


x — 2 
x 2 — 4 

_ J_ 1 

2x 1 x=2 

sin 5x 

_ 5 cos 5x 


= 4 or lim 


x — 2 


= lim 


x — 2 


= lim 


x=0 


1 ? 7 — 11111 7 íyrT — 11111 

2 x -4 x ^2 ( x — 2 )(x + 2) x ^ 2 x + 2 


= 5 or lim ^ = 5 lim ^=5-1=5 

x —> 0 x ■ o ^ x 


5x77 o 5x 

3. l'Hopital: lim ^rr-rr = lim 3 = lim | or lim 5 _ x2 .r 3 , x = lim -— 

1 X-lOO /xHl X — > OO 14x x— > OO 14 7 X —> OO 7x^ + 1 X —> 00 7+- 

> 

x 3 -l — lim 3x ~ — A or lim x3 ~i — ljm (x - l)(x 2 + x + l) 

— lim «3 | — u or x 1 l I J 1 1 4x 3 —x—3 — x 1 ™! (x-l)(4x 2 +4x + 3) 


4. l'Hopital: ^lim 4xi -_ x l 3 = x um ^ 


_ 5 


— lj m (x 2 + x +1) _ _3_ 

x ÍÍj (4x 2 +4x + 3) 11 


5. l'Hopital: lim L^osx = lim §mx = lim sep = I or lim 

F x^O x x ^ 0 2x x ^ 0 2 2 x^O 


1—eos X 


= lim 

X -> O 


(1-cosx) /1 + 


/ 1 + eos X \ 
V 1 + eos x / 


lim 2 ^ x —y = lim 

x O x (1 + cos x) x ^ 0 


í sin x \ í sin x \ ( 1 \ 

V x / V x / V 1 + eos x / 


6. l'Hopital: lim 

1 y —^ o 


2x ¿ + 3x _ 


= lim 


4x + 3 


mil ~q— ~~r — mil 0 o . — mil 

x —> oo x J +x+l x —» OO 3x z +1 x —> OO 6x 


= lim = O or lim 


2x^ + 3x _ 


= lim 


1X111 Q . . , - 11111 

X —> OO x 3 + x + 1 X —> OO 1 + 


x 2 _ O n 

1,1 — 1 — u 


7. lim 

X -> 2 


x — 2 
x 2 — 4 


= lim é = 


X -> 2 


2x 


lim 5^ = ii m ?x = _ 1Q 

. —» —5 x + 5 x —> —5 1 


9 - t lÍ m 3 T^= t ^_ 3 f^r = = 


10. lim 


t 3 - i 


= lim 


t 1 " i 4t 3 — t — 3 t .7 1 12t 2 — 1 - 11 

11. lim ^7=2í = lim 15x^2 = üm |0x = Um ^ = 5 
x —> oo 7x J + 3 x —> oo 21x ¿ x —> oo 42x x —► oo 42 7 


12. lim .f o ^ x ~ = lim 4r^r? = lim -4$- = — \ 

X —> OO 12x 2 + 5x x — ^ OO 24x + 5 x —> OO 24 3 


13. lim 51IJ1 = üm (cost p (2t) = 0 

t^O 1 t-»0 1 


14. lim 5í"A = üm 5cos5t = 5 

t -»0 2t t 0 2 2 


15. lim ————r = lim 

x^O eos x x ^0 -sin 


16x 


- = lim —= -i» = _i6 

X x > o — cos x — 1 


16. lim 

x^O x 


x = lim 555AF 1 = lim 


x^O 


3x 2 


x^O 


6x 


= lim 

x^O 


17. lim 


28 -ir 


= lim 


2 eos (2n — 8) 0 %/2 sia ^-8) sin(^) 


= -2 


18. lim 


38- 


— lim 


41111 —- ir. , 7r\ - 11111 - ir. , 7T 

6» ^ —71-/3 sin (»+j) 0 —> —7T/3 COS (e + 3 


= 3 


19 lim 7— S3n ^ — lim — CQS ^ — lim — S3n — — — —1— — 1 

6»-7 tt/ 2 i+c 0829 0_7 “/ 2 - 2 «n 2 » 0-7 tt/2 - 4cos2e C-4X-1) 4 
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20. lim 


—X _ i _ ^ 11 ISS _ i _ ^ _ i _ 

ln x - sin (jrx) x —» 1 j - ir eos (mO 1 + n 


21. lim 


l i—^—7 = lim 

0 ln(secx) x ^ 0 


2x 


_ — lim ^ — lim _—_ — — — 9 

/ sec x tan x \ tan v 2 V i 2 

( sec x ) X —» 0 tan X X -^0 S<5CX 1 


22. lim 


ln (esc x) _ 


= lim 


( CSC X COt X 'i 

7- = lim 


— cotx 1 csc z X 1 ^ 1 

x T¿/2 (x-(f)) 2 - x T¿/2 2 (*-(!)) - x T¿/2 2 (x- (D) - x ™/2 2 - 2-2 


23 lim ‘i 1 ~ cos *1 — Jj m (1 -cost) + t(sint) __ sint + (sint + tcost) __ eos t + eos t + eos t - t sin t _ 1 + 1 + 1 - 0 _ 3 

* ^_> Q t — sin t ^_>0 i — eos t t_ > q sin t t _. n eos t 1 


t->0 


24. lim = lim ™t + t«»t = lim eos t + (eos t - t sin t) = 1±(I^0) = 2 

j. > Q 1 — eos t j. ¥ Q sint j > Q eos t 1 

25. lim (x — |)secx= lim ÍHnil = ij m í —i—) = -L = — 1 

X -> (tt/2)- 3 2J x —> (ir/2) - cosx x —' (tt/ 2) V - Sinxy - 1 

26. lim (7 — x) tan x = lim L_zA — jj m fe -1 ) = lim sin 2 x=l 

X—>(tt/2)- V2 ’ X —> (7T/2) cotx X —» (7r/2)~ V - cscx ' X — (tt/2)- 


27. lim ^ = lim = í^uinaxi) = ln 3 


0 ^ o 


É»^0 


28. lim Ti-;—1 = lim ^ ln ^ — ln (7) = ln 1 — ln 2 = — ln 2 

0_»O v A _ n 1 '2/ 


6»^0 


29. lim 


= lim 


x () 2 X - 1 x 7 0 0“ 2 > I 2 *' 


(1) (2 X ) + (x)(ln 2 ) (2 X ) _ 1-2°+ 0 _ J_ 


(ln 2)-2° — ln2 


30. lim = lim 3Mn3 - 3 °' ln3 - ln3 


x —> 0 


2 X — 1 


x —> 0 


2 X ln 2 — 2 o -ln 2 _ ln 2 


31. lim 1 ° (x+1) = lim ] = (ln 2) lim ri' = (ln 2) lim *. = (ln 2) lim j = ln 2 

x — > oo log 2 x X —> OO (jjf) v ' x ^ oo (i) v 2 x —> 00 x +1 v ; X -tOd 1 


- finí') li m 1 = ln3 
V ln 2/ x -lí oo 1 ln 2 


/lnx\ 
Vln 2 / 

■ - 

/ln(x + 3 )\ 

— \ ln 2 / 

K 1»3 ) 


( 2 *+í) 

\x 2 + 2 xj 

— lim 


e + 3 


0+ 


ln x 


• 0 + 


_ = lim £±§ = lim § = 1 

0+ x +-x x ^o + 2x + 2 x^0+ 2 


34 . lim 7^11 


x —> 0 + 


= lim TIJV = lim -#7¡- 

X -> 0 + (i) X -> 0 + x —* 0"*" 


= lim 7 ±ísí = i±o = i 


35. lim ^ 5y + 25 ~ 5 = lim ^ + = lim 


( 5y + 25^-5 _ ,• (|)(5y + 2Sr 1/2 (5) 


y — o 


— lim _—_ — I 

y 24 0 y y^O 1 y^0 2^+25 2 


36. lim vayTa ~~ a = lim = lim (I) (ay + a 2 )- 1/2 (a) = ^ , _ 

y —> 0 y y —> 0 y y-» 0 1 y —> 0 Z^ay + a 2 2 


= L a > 0 


37. lim [ln 2x — ln(x + 1)] = lim ln(^ T )=lnf lim = ln ( lim 2 ") 

x — > oo L v x —> oo Vx+12 V x ^ 0° x+ 1 7 \x ^ OO i J 


= ln2 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



420 Chapter 7 Transcendental Functions 


38. lim (ln x - ln sin x) = lim ln(^-)=ln( lim Tp = ln ( lim = ln 1 = 0 

x^0 + x^0 + Vslnx ' Vx -» 0 + sm V \x —> 0 + cosx / 


39. lim r+P = lim PíP = lim 2(lnx)(sinx) = lim 

x^ 0 + xcosx x^O+L 


-¿ + in(sinx) - -‘5+ Sf 

40. lim (3x+JL — _1—) _ lim í Í3x+ l)(sin x) — x 

- . 0+ V x sinx ' X^0+ V 


2(lnx) 


sin x 
cosx x 


= —oo • 1 = — oo 


0+ 


= lim 


3 sin x + (3x + l)(cos x) — 1 




lim í ^ cos x ^ cos x ^ x 0 (~ s * n x ) 

X 0 + 


xsmx J x^0 + 

+ (D(0) _ 6 


sin x + x cos x 


cos x + cos x — x sin x 


\ _ 3 + 3 + 
) 1 + 1 


= ° = 3 
-0 2 J 


41. lim (—L — 4—1 = lim f lnx , (x —y) = lim (- - x 1 ,], ) = lim ( . 1 x — 

X _> 1 + Vx-l ln x / x J+ y (x ~ 1 Kln x) J x ^ 1 + \ < ln x > + (x “ O (i) / x —> 1+ V (xlnx, + x ~ 1 / 


= lim 

X 


'"'l ((lnx + l) + l) — (0 + D+1 — 


42. lim (esc x — cot x + cos x) = lim ( 

x^0+ x^0+ V 


1 _ COS X 

sin x sin x 


+ COS x) = lim ( U-^x) + (sinxMcosx) \ 

’ x —»o + V sinx J 


■ 0+ 


lim í s * n x + cos2 x ~ sin 2 x I o+i — Q y 

l eos X J 1 


43. lim 

0^0 


eos 9 — 1 


— lim 


- sin 9 


= lim 


- cos 9 


mil a , - lllll 

e^o e - 1 e ->• o 


= -1 


44. lim e P + h) = lim = lim £ = i 


h ->0 


h-+0 


2h 


h->0 


2 2 


45. lim = ii m d+2! = u m = ü m é; = i 

t ^ OO e 1 t -> OO e t -> 00 e t -> oo e 


46. lim x 2 e“ x = lim 4 = lim % = lim 4=0 

x^-oo x —> oo e x x oo x ^ oo e 


47. lim = lim = lim .- . *4, , = ? = 0 

x x tan x x^O x sec x * an x x—^0 ^ x sec x * an x ^ sec x 2 


48. lim 

x—>0 


49. lim 

8^0 


; e x - if 


2(e ^ 1)e * = lim 2 ; 2x - 2e : = lim 4e *- 2eX 


= lim . . 

x sin x x ^o x cos x + sin x x ^o 


x cos x + sin x 


x—>0 


x sin x + 2cos x 2 


= i = i 


i — sin 9 cos 6 
tan 9 — 9 


= lim 

0^0 


1 + sin 2 6 — eos 2 0 _ 

sec 2 9—1 


lim 2sin 2 'fl = lim 2 cos 2 9 = 2 

9—>0 tan 0 8—>0 


50. lim sin3x : 3x + x 2 = lirn ,, 3cos3x t 3 + 2x = lim 3cos3x — 3 + 2x = Hm 


—9sin 3x + 2 


x—>0 


sin x sin 2x 


q 2sin x cos 2x + cos x sin 2x x^O s * n x cos ^ x s ^ n ^ x x—¡-0 — ^ s i n x s ^ n ^ x + cos x cos ^ x + 3cos 3x 


51. The limit leads to the indeterminate form 1“. Let f(x) = x 1 ''* 1 x) => ln f(x) = ln (x 1/(1 x) ) = 4+ • Now 

lim lnf(x)= lim ísjl — lim M = — 1. Therefore lim x 1/(1_x) = lim f(x) = lim e lnf W 

52. The limit leads to the indeterminate form 1°°. Let f(x) = x 1,,<x_1) =>■ ln f(x) = ln (x 1,/(x_1) ) = Now 

lim ln f(x) = lim 1,1 x . = lim P = 1. Therefore lim x 1/(x_1) = lim f(x) = lim e lnf 09 

x^l+ w x^ 1+ X_1 x^l+ 1 X -> 1+ X-.1+ ' ' x^l+ 


53. The limit leads to the indeterminate form oo°. Let f(x) = (ln x) 1,/x => ln f(x) = ln (ln x) 1/x = lnx) . Now 
lim lnf(x) = lim ln (ln x) = lim =0. Therefore lim (ln x) 1/x = lim f(x) = lim e lnf( 

X —> OO V/ X —> OO X X ^ OO i X —> OO X 7 X —> OO V 7 X —> OO 
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54. The limit leads to the indeterminate form 1°°. Let f(x) = (ln x) 1/(x e) ln f(x) = lnx) = lim ln f(x) 

x x —» e + 

= lim ln(ln x) = lim litas! = I Therefore (ln x) 1/(x ~ e) = lim f(x) = lim e lnf(x ) = e 1//e 
x —> e + x e x —> e + x —> e + x —» 


55. The limit leads to the indeterminate form 0 o . Let f(x) = x l/lrix => ln f(x) = — = — 1. Therefore 

lim x- 1/tox = lim f(x) = lim e lnf(x > = e” 1 = 1 

x -> 0+ x >()*'• x • •*()• e 

56. The limit leads to the indeterminate form oo°. Let f(x) = x 1/lnx =>• In f(x) — — 1. Therefore lim x 1/lnx 

v/ v ' ln x x —» oo 

= lim f(x) = lim e lnf ( x ) = e 1 = e 

57. The limit leads to the indeterminate form oo°. Let f(x) = (1 + 2x) 1/(2tax) => ln f(x) = ln( ^ 1 ^ x) 

=> lim lnf(x) = lim ln U + 2x) — j¿ m — ü m 1 = 1 Therefore lim (1 + 2x) 1/(21nx) 

= lim f(x) = lim e lnf « = e 1/2 

58. The limit leads to the indeterminate form 1°°. Let f(x) = (e x + x)^ x = 4 - ln f(x) = ln(e x +x ^ 

=> lim ln f(x) = lim ln(e + J ^ = lim c [ + 1 =2. Therefore lim (e x + x) 1,/x = lim f(x) = lim e lnf W = e 2 

x^O w x^O x x^O e + x x^0 v ’ x—>0 W x^O 


59. The limit leads to the indeterminate form 0 o . Let f(x) = x x =>- ln f(x) = x ln x =>■ ln f(x) = pry 

= lim ln f(x) = lim §|í = lim = lim (—x) = 0. Therefore lim x x = lim f(x) 

x -r 0 + x ^ 0+ (i) x _>0+ (-^) x -s- 0+ x ->0+ x -> 0+ 

= lim e lnf ^ = e° = 1 

x -> 0+ 


60. The limit leads to the indeterminate form oo°. Let f(x) = (l + i) x => ln f(x) = ln ^ x + f ^ - 

— lim 3 ' + *' = lim —^—r = lim —Tt = 0. Therefore lim (l + f) x = lim 

x —> 0 + “ x x^0 + 1 + x x^0+ X+1 x^0+ V xJ x^0+ 

= lim e lnf ^ = e° = 1 

x -4 0 + 



f(x) 


61. The limit leads to the indeterminate form 1 °°. Let f(x) = (|(rf) X => ln f(x) = ln = xln (^j) => limlnf(x) 

= lim x ln = lim flLÍp)) = lim / ln ( x + 2 )-i° ( x -1) \ = lim í A = lim ( 

= lim ( , 3 , x ~ — T t') = lim (=-*§=) = lim (f) = 3. Therefore, limf^il'C — limf(x) = lime lnf W = e 3 

X —>00 V 1 X ^ _2 K X 1 ) / x^oo V2x+1 ' x—>OC ' 2 ' x —>00 ' x 12 x—KX) x—>oo 


62. The limit leads to the indeterminate form oo°. Let f(x) = (yTpy) ^ => ln f(x) = ln ^y+t) = x^ n ( y+t) 

=> lim ln f(x) = lim 3 ln ( = lim = lim m (x 2 + 1 )-m (x + 2) 

x^oo 3 ’ x^oo x V x + 2 / 


1/x 


x—>oo 

= lim = lim , 7 x + i, = lim = 0. Therefore, lim ( ^±1") VX = limf(x) = lime lnf M = e° = 1 

, x 3 + 2x 2 4- x + 2 v ^_3x-+4x+1 v ^6x + 4 ’ x ^ 0o V x + 2 / x^oo 3 ’ x^oo 


= lim X¿ +S x + 2 = lim , x2 +,t x : 

1 (x z + l)(x + 2) 


x—KX) 

, i/ x 


X—KX) V 


X—XX) 


63. limx 2 lnx= lim ^ 

x^0+ x—»0 + \ x 2 


lim -V 

x—>0+ \ 


sH)= “»(-¥)= o 


64. limx(lnx) 1 = lim = lim ( ~ (lnx)x ^\ — lim = lim ( + ) = lim ( —) = lim (2x) =0 

x—>0+ x^0+ V ¡ J x—>0+ \ ) x—>0+ \ -J / x—>0+ J x—>0+ V x / x—>0+ 
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65. limxtanA — x) = lim ( —A—r') = lim ( —A—r) = j = 1 

x^ 0 + V2 ' x^ 0 +V cot (l- x )/ X^ 0 +V cse 2 (j- X )/ 1 


66. limsinx-lnx = lim(Aü) = lim ( - 2 —— ^ = lim (— Slnxlanx ~) 

x^0+ x^0+ Vcscxy x^oA- cscxcotx y x-»(>A x > 


|/ sin x sec 2 x + eos x tan x j 0 q 

x—>0+ \ 1 / 1 


67. lim ^±2 = J lim = / li m » = ^9 = 3 

x^co^/x+l y x —>. oo x + 1 y x -MX) I v 


68. lim 

x^0 + V sinx 


1 _ /1 _ t 

lim V j 


69. lim = lim (A_) (í?ü) = lim A- = 1 

x —> 7 t/2 ~ tanx x^tt/2- ^ eos x / V sin x / x —> tt/2~ SInx 


/ eos x \ 

70. lim = lim Api í= lim eos x = 1 

x ^0+ cscx x ^0 + (¿) x —♦ 0 + 


71. lim 2 * f x — lim , 4 x = 0 

x —> oo 3 X + 4 X x —> 00 l + (j) 


72. lim " + i = lim , A, = lim 21~ = AA = -1 

x —’ —oo 5 X — 2 X x —7 —oo (I) -1 x —' —oo (|) - 1 0-1 

-70 1 - e* 2 r e x2_x r e »(x-D ,. e x(x ~ ‘'(2x -1) 

73. lim Af = lim 5 - = lim 5 - = lim -,-' = oo 

x —> oo x e x —» oo x x —> oo x x —> oo i 

i/x eA-A ,, 

74. lim -Ar = lim p- = lim — , ' — lim e 1 / 21 = oo 

x^ 0 + e-i-x x ^ 0 + - x ^0+ “i x^0 + 

75. Part (b) is correct because part (a) is neither in the g ñor — form and so l’Hopital's rule may not be used. 

76. Part (b) is correct; the step lim .. 2x ~ 2 = lim 2 — in part (a) is false because lim . 2x ~ 2 is not an 

v/ 7 * x _^ q 2x — eos x x _^ q 2 + sin x r v/ x _^ q 2x — eos x 

indeterminate quotient form. 

77. Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic 


78. (a) We seek c in (—2, 0) so that ^ Since f'(c) = 1 and g'(c) = 2c we have that A = — \ 


=> c = -1. 


(b) We seek c in (a, b) so that = g f |^j _^ = A—, Since f'(c) = 1 and g'(c) = 2c we have that A = 


JL _ i 
2c b + a 


(c) We seek c in (O, 3) so that — g | g | _ g A _ _3_2> — —I. Since f'(c) = c 2 — 4 and g'(c) = 2c we have that 

c 2 — 4 __ _1 _ _ -1±V37 . _ -1 + x/37 

2c 3 ^ 3 ^ 3 


79. If f(x) is to be continuous at x = O, then lim f(x) = f(0) => c = f(0) = lim 9x 1A — — lim 


1 ; ^ 9 — 9 eos 3x 

\ n I5 x2 


= lim 


27 sin 3x _ líni 81 eos 3x _ 27 


30 — 10 ’ 
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80. lim(^ + 4 + — )= lim (- 

x—>0' x x " x ' x—>0 \ 


tan 2x + ax + x 2 sin bx 


= lim 


2sec 2 2x + a + bx 2 eos bx 4- 2x sin 
3Í 2 


i^jwi 


will be in ^ form if 


lim(2sec 2 2x + a + bx 2 eos bx + 2x sin bx) = a-b2 = 0=^a = —2; lim ( 

x—>0 V x—>0 V 


2sec 2 2x — 2 + bx 2 eos bx + 2x sin bx ’ 


= lim 


8sec 2 2x tan 2x — b 2 x 2 sin bx + 4bx eos bx + 2sin bx 
6x 


i 1 ^) = lim( 


32sec 2 2x tan 2 2x + lósec 4 2x — b 3 x 2 eos bx — 6b 2 x sin bx + 6b eos bx 
6 


= 0= >l6 + 6b = 0=>b = -f 


81. (a) 


y 



(b) The limit leads to the indeterminate form oo — oo: 




84. (a) The limit leads to the indeterminate form 1°°. Let f(x) = (l + l) x =$■ ln f(x) = x ln (l + ^) =>■ x lim^ ln f(x) 



Both functions have limits as x approaches 


infinity. The function f has a máximum but 
no minimum while g has no extrema. The limit 
of f(x) leads to the indeterminate form 1°°. 
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(c) Let f(x) = (1 + 4) x 
ln f(x) = 


In f(x) = x ln (1 + x -2 ) 


=> lim 

X —> 00 

Therefore 


lim 

—> oo 


ln(L + x“ 


= lim 

X — > oo 


= lim 

X —> 00 


2 x 2 


lim (l + 4) X = 

HOO ' ' X 2 ) 


lim 

—> oo 


f(x) = 


lim 

—> oo 


glnf(x) _ gO 


(x : 

= 1 


= lim 

X — ' oo 


4x 

(3x 2 + 1 


= lim 4- = 0. 

X —> OO 6x 


85. Let f(k) = (1 + ¿) k =»• ln f(k) = ln( 1 .t^" 1) =» lim = \¡ m = lim 

V kJ k k —> oo k k-^oo - k k^oo 1+rk 

= lim r 1 ^ = lim { — r. Therefore lim (l + f) k = lim f(k) = lim e lnf ( k ) = e r . 

k _> oo k + r ti,*, 1 t gíoU V k > ™ v ' \r 


k —> oo 


k —> oo 


k —» oo 


k —> oo 


86. (a) y = x 1/x => ln y = ^ => - = (x) (x ^ lnx _x. y' _ ( i J nx ) (x 1/x ). The sign pattern is 

y' = |+ + + + +| — — — — which indicates a máximum valué of y = e 1/e when x = e 
O e 

(b) y = x 1 ^ 2 =>lny=!j# =>■ - — (x) P 2xlnx y' = ( 1 ~¿ lnx ) (x 1/x2 ). The sign pattern is 


y' = I + + + I - 

o 


which indicates a máximum of y = e l/2e when x = */e 


(c) y = x 1 / x ” =>• ln y = !^ = ^ (x 1 ^" x) ^ nx —- => y' = x ° 1(1 ^ 2n nlnx) • x 1 /*". The sign pattern is 
y' = | + + + | — — — — which indicates a máximum of y = eF ne when x = y/e 

0 \/e 

(d) lim x 1 ^” = lim (e lnx ) 1/x °= lim e (lnx )/ x ” = exp f lim ^ = exp ( lim (Td) 

X —> OO X —t 00 ' > X —’ OO r \ x -MX) x / r \X —> OO x nx n / y 


¿)) =e° = l 


(a) y ^ 


= xtan(i), lim(xtan(i)) = lim = lim = limsec 2 (i) = 1; lim (xtan(i)) 

X—>oc X — ^oc \ x / X — >oc \ I 2 J J X — >oc X—>—oo 

/ tanfi) \ /sec 2 (-) (--0 \ 

lim ( dn i ) = lim — / , 1¡ ' = lim sec 2 (-) = 1 => the horizontal asymptote is y = 1 as x —> oo and as 

X—>— oo \ x / X—>— oo \ í j J J X—>— oo 


X —> —oo. 

y= mi. ‘“(es) 
= jh.(iíS) - ! 


l“(líwí)= l™(sS)= -fc »» (i 

| =>• the horizontal asymptotes are y = O as x —> oo and y = | as x 


3x + e 2x 
2x + e 3x 


O 


88. f'(0) = lim f(0 + h ¿~ f(0) = lim 
h—>0 11 h^O 


.-‘/ h - o ,• e _1 / h ,• 

=—r —- = lim , = lim 

h h^O h h 




= lim 

h^O 


el/h2 -é 




limfle-Fh 2 ") 
h—>0 \ 2 / 


= O 


89. (a) We should assign the valué 1 to f(x) = (sin x) x to 
make it continuous at x = 0. 


(b) ln f(x) = x ln (sin x) = to ^ x:i =>■ lim ln f(x) 

ti) x -> 0 + 


lim 

X -s- 0 + 


y 



— lim 

x —> O 


—x 
tan x 


= lim 

x^O 


—2x 




lim 

x —» O 


f(x) = e u = 1 


(c) The máximum valué of f(x) is cióse to 1 near the point x « 1.55 (see the graph in part (a)). 
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(d) The root in question is near 1.57. 



90. (a) When sin x < 0 there are gaps in the sketch. The width 
of each gap is 7r. 


(b) Let f(x) = (sin x) K 


ln f(x) = (tan x) ln (sin x) 

ln (sin x) 


=> lim ln f(x) = lim 

X —> 7t/ 2~ X —> 7r/2~ cotx 

= lim = lim 

x^tt/ 2 - - csc x x —> 7r/2~ Gcscx) 

lim f(x) — e° = 1. Similarly, 


= 0 


lim 

—> 7r/2 4 


7t/2 

f(x) = e° = 1. Therefore, lim f(x) = 1. 






1.4 

- 


1.2 

_1_L 

/ \ 


1 0.5 1 

JT5 2 2.5 3 

0.8 


/ 


X —> 7t/2 

(c) From the graph in part (b) we have a minimum of about 0.665 at x « 0.47 and the máximum is about 1.491 at 
x « 2.66. 


7.6 INVERSE TRIGONOMETRIC FUNCTIONS 


1. 

(a) f 



(b) 

7T 

3 

(c) 

TV 

6 


2. 

(a) 

7T 

4 


(b) 

7T 

3 


(c) 

7T 

6 


3. 

(a) - 

7r 

6 


(b) 

7T 

4 

(C) 

- 

7T 

3 

4. 

(a) 

7T 

6 


(b) 

- 

7T 

' 4 

(c) 

7T 

3 


5. 

(a) f 



(b) 

37T 

4 

(C) 

7T 

6 


6. 

(a) 

7T 

4 


(b) 

- 

7T 

‘ 3 

(c) 

7T 

6 


7. 

(a) 3 f 



(b) 

7T 

6 

(c) 

2ir 

3 


8. 

(a) 

37T 

4 


(b) 

7T 

6 


(c) 

27T 

3 


9. 

sin ^cos 1 

74 

2 

) = 

sin (|) - 

_ 1 
■ 75 



10. 

sec 

(eos 

-1 1 

2. 

) = sec 

(!) = 

2 



11. 

tan (sin^ 1 i 

H 

í)) = 

= tan (— 

l) = 

- 

1 

75 

12. 

cot 

^shr 

-(■ 

-7) 

) 

= cot 

(-!) 

= - 

i 

73 

13. 

lim 

sin 

- J x 

_7T 





14. 

lim 

eos 

- J x = 

7T 






X —’ 1~ 



2 






x —> 

-1+ 








15. 

lim 

tan" 

- J x 

_ 7T 





16. 

lim 

tan - 

4 X = 


7T 





X —> (X) 



2 






x —> 

—OO 




2 




17. 

lim 

sec" 

- x x 

_7T 





18. 

lim 

sec" 

- J x = 


lim 

eos -1 

(-) - 

_ 7T 


X . oo 



2 






x —> 

—OO 



X 

—00 


Vx/ 

— 2 

19. 

lim 

X —> oo 

CSC" 

- x x 

X 

lim sin 

—► 00 

- 1 ® 

1 = 

0 

20. 

lim 

X —► — oo 

CSC" 

- 1 x = 

X 

lim 

—> —00 

sin -1 i 

(D = 

= 0 
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21. y = eos- 1 (x 2 ) => f = -^— - -=^ 


, 2x —■ = , Jx 22. y = eos 1 (i) = sec 1 x => $^ = -4-— 

J 1 _ ( x 2) 2 Vi - X 4 '' x '' dx |x| \/x 2 — 1 


23. y = sin- 1 y/2t ^ ^ , = ^2= 

dt /T(V2^ 


25. y = sec’ 1 (2s + 1) | = 


24. y = sin- 1 (1 - t) => f = 


dt v/1 - (1 - t) 2 V2t-t 2 


|2s+l| V(2s+ 1 ) 2 —1 |2s+l| \/4s 2 -f 4s |2s+l| \/s 2 + s 


26. y = sec 1 5s 


dy _ 


ds |5s| V(5s) 2 - 1 |s¡ \/25s 2 - 1 

27. y = esc -1 (x 2 + 1) => = : — 


2x 


—2x 


28. y = esc 1 (|) 


dy 

dx 


dx |x 2 + l| -\J (x 2 + l) 2 — 1 (x 2 + l) dx 4 + 2x 2 

(0 


-1 


-2 


Hv ^) 2 - 1 w \!^ 


29. y = sec 1 (i) = eos 1 1 => ^ — — 1 


i-t 2 


30. y = sin 1 (|) = esc 1 


dy 

dt 


—2t 


-6 




31. y = coi 1 


cot 1 t 1 / 2 


dy __ q)^_ -i 

dt 1 + (tV2) 2 2x/t(l 4-t) 


32. y = cot 1 \/t — 1 = cot 1 (t — l) 1 / 2 


dy _ _ ( 2 ) (t 11 __ _ -1 _ _ -1 

dt 1 + [(t — l) 4 /^] 2 2VTT(l+t-l) 2t v /F r T 


33. y = ln (tan 1 x) => 


dy _ (t+xQ 

dx tan -1 x 


1 

(tan -1 x) (1+x 2 ) 


34. 

35. 

36. 


y 

y 

y 


= tan 1 (ln x) => ^ = 
= ese -1 (e l ) => ^ = - 

= eos- 1 (e _t ) => f t = 


(1) _ i 

1 + (ln x) 2 x [1 + (ln x) 2 ] 

_e|_ _ —1 

|e‘| yj (e 1 ) 2 - 1 de 21 - 1 



37. y = s\/1 - s 2 + eos 1 s = s (1 — s 2 ) 1 ^ 2 + eos J s =>■ ^ = (1 — s 2 ) 1,/2 + s (|) (1 




= \/1 — s 2 - 




s 2 ) 1/2 (—2s) 



38. y = \¡ s 2 — 1 — sec 1 s = (s 2 — l) 1 ^ 2 — sec 1 s 


s |s| — 1 
|s| \/s 2 - 1 


dy 

dx 


(i)(s 2 -l) 1/2 (2s) — 


1 



S 



1 
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Section 7.6 Inverse Trigonometric Functions 


39. y = tan 


_1 \f x 1 — I + esc 1 x = tan 1 (x 2 — l ) 1 ^ 2 + esc 1 x => ^ - 


i + [(x 2 -1) 1/2 ] 2 M Vx 2 -1 


= 0 , for x > 1 


x \/x 2 — 1 |x| y/x 2 — 1 

40. y = cot- 1 (i)-tan- 1 x=f-tan- 1 (x- 1 )-tan- 1 x =* g = 0 - ^ ^ ^ = 0 


41. y = x sin 1 x + \J 1 — x 2 = x sin 1 x + (1 — x 2 ) 1,/2 =>• g = sin 1 x + x 


(71b) + (i) (! -xT 1,2 (- 2 x) 


= sin x + 


\/1 — x 2 x/T 


= sin x 


42. y = ln (x 2 + 4) - x tan ’ 1 (§) =* g = ^ - tan - 1 (|) - x 


i + (I ) 2 


= tan - 1 (I) - 4 ^ = - tan - 1 (|) 


43 ‘ /y 5 b dx = SÍn_ 1 (f)+C 


44. f . 1 , dx = i f ,, 2 , dx = i f^= , where u 

J V 7 1 -4x 2 2 J v/1 ~(2x) 2 2 J ,/i_ u 2 


= 2 x and du = 2 dx 


= ^ sin u + C = | sin (2x) + C 


45 - /irb dx = / 


(^) 


¡-dx = -j— tan 1 *— + C 

_l_ x 2 v 17 -\/17 


d ' 1 /»íTF dx = ¡f, 1 


(A 


-(*) 


dx = — 7 = tan 1 ( -4=) + C = tan 1 + C 


(a/s) 


47. f — , d * = f — 7 == , where u = 5x and du = 5 dx 

J x\/25x 2 —2 J uyu 2 -2 

+ c 


- ^ sec 1 




+ C = - 7 = sec 1 

V2 


5x 


48 


I 


dx 


I —rr— , where u = v 5x and du = v 5 dx 

u uVí -4 


x\/5x 2 -4 J uvTi 2 ^ 

= i sec - 1 111 + C = i sec - 1 


\/5x 


+ c 


49 - fe = t 4 sin_1 I] o = 4 ( sin_1 5 - sin - 1 0 ) = 4 (| - 0 ) = 2 f 


50. f 
Jo 


y/4 — s 2 
3y/2/4 


ds 


1 r 3v -' 4 du_ wher£ = 2s and du = 2 ds; s = 0 =>• u = 0 , s = ^ = 4 > u = ^ 

JO a/Q-ii2 ’ ’ 4 2 


x/9 — 4s 2 ^ Jo \/9 — u : 

[i sin - 1 f ]^ /2 = i (sin - 1 ^ 


= I S sin 1 ?i; = s (sin 1 ^ - sin 1 0 j = 5 (| - 0 ) 


51. J( 8 f 2t 2 = ^75 Jl 8 ^r > where u = \flX and du = \¡~7. dt; t = 0 =>• u = 0, t = 2 => u = 2\¡2 




2x/2 


5 (tan 1 ^ - tan 1 0 ) = \ (tan 1 1 - tan 1 0 ) = \ (f - 0 ) = 


16 


427 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 



428 Chapter 7 Transcendental Functions 


52. f 2 4^2 = J| J 2 y 3 4^? i where u = >/3t and du = i/3 dt; t = -2 u = -2^/3, t = 2 => 

r 1 2v/3 

4- • 2 tan -1 si _ = -¡t_ I tan” 


1 1 

Lv7 ■ 2 


-1 U 


J _ 2 y3 2^3 L 


V3-<m-‘(-s/3) = ^ [i -(-|)] = ^¡ 


3\/3 


53 - L 


-y/2/2 


dy 


Y = | ^ , d “ ^ , where u = 2y and du = 2 dy; y = — 1 =>■ u = —2, y = — // => 


yy/V 


= [sec 1 |u|] = sec 1 


■v^ 


sec 


- 2 | = 


7T _ 7T 

4 3 


12 


54. / 


-y/2/3 


dy 


r-y/2 . . 

J ^ y “ ^ , where u = 3y and du = 3 dy; y = — | =>• u = —2, y = — 


- 2/3 y\/9y 2 -1 


_ _ 4? 

3 


= [sec 1 |u|] = sec - 1 




sec 


- 2 | = 


7T _ 7T 

4 3 


12 


55. I ■ ------- = | f / lü . where u = 2(r - 1) and du = 2 dr 

o/ y 1 — 4(r — l) z z J y/1 —u z 

= | sin -1 u + C = | sin -1 2(r - 1) + C 

56- / 7 4 J |w=6/ 7 f^,whereu = r+landdu = dr 
= 6 sin -1 “ + C = 6 sin -1 ( r íj') + C 


57. / 


dx 


2 + (x— l) 2 


f -> -'u^ > where u = x — 1 and du = dx 


= -j- tan 1 
y/2 


*+ c =73 t ™- 1 te)+ c 


58. J y + (3 d * + iy =3 f * where u = 3x + 1 and du = 3 dx 
= i tan -1 u + C = | tan -1 (3x + 1) + C 


59. / 


_dx_ 

(2x-l)V(2x-l) 2 -4 

= 5'5 sec_1 


i í —4-^— , where u = 2x - 1 and du = 2 dx 

z J uyu -4 

I + C= l sec- 1 |^7| +C 


60. f - = í , where u = x + 3 and du = dx 

J (x + 3) v / (x + 3) 2 -25 J u\/u 2 -25 

= i sec -1 111 + C = 3 sec -1 | ^ | + C 

61. fT/ J+Z^S) 2 = 2 / i r+h? - where u = sin 9 and du = eos 9 dé»; 6 = —| u = —1, 9 = § =>• u = 

= [2 tan -1 u] = 2 (tan” 1 1 — tan -1 (—1)) = 2 [| — (— |)] = 7r 

62 - X/ 6 i+ C ( 2 cotx X ) 2 where u = cot x and du - esc 2 x dx; x = f =>■ u = y/3 , x = | = 

= [- tan -1 u] / = - tan -1 1 + tan” 1 y/3 = - | + f = ^ 

63. J o = X T^u 2 ’ where u = e x and du = e x dx; x = 0 =>■ u = 1, x = ln y/3 => u = y/3 

— [tan” 1 u] — tan” 1 y/3 — tan” 1 1 = | — | = ^ 
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— 2y/ 3 


U = —y/2 


U = —y/2 


1 


u = 1 
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64. r tílfffi) = 4 fj 4 r+u 1 < where U = ln t and du = \ dt; t = 1 => u = 0, t = e ^ 4 => u = f 
= [4 tan -1 u] / 4 = 4 (tan -1 | — tan ” 1 0) = 4 tan -1 | 

65 - 1^07 = s Iv0 ’ where u = y 2 and du = 2 y d y 

= \ sin " 1 u + C = \ sin " 1 y 2 + C 

66 . / = , where u = tan y and du = sec 2 y dy 

= sin " 1 u + C = sin " 1 (tan y) + C 

67 - / ^4,-1 = i ; .14. = J , =™-'( x - 2 ) + C 



I 


_dx_ 

yj\ — (x 2 — 2x+ 1) 


ÍTT^Tf- Sin-Ux-O + C: 


69. 


/: 


6 dt 


a/ 3 — 2t — t 2 

= 6 [ sin_1 ü) 


«r, 


dt 


-I v/4-{v’ . 2l) 1) ^ 

sin " 1 0 ] = 6 (| - 0 ) = 


/: 


\/2 2 — (t+ l) 2 


6 sin 1 


(¥)] 


0 

-1 


70. r 

¿i/ 


6 dt 


1/2 73 + 4t-4t 2 ' 

= 3 [ sin_1 Q) 


7, 


2 dt 


3/‘ 


2 dt 


sin 


1/2 y / 4-(4t 2 -4t+l) J 1/2 y/2 2 — (2t— l) 2 

o]=3(f-o) = f 


(^)] 


1 

1/2 


71 - •/V4*3=/ 


dy 


4 + y 2 — 2y + 1 


/ 2 2 +( d y y -l, 2 - 5 11111 1 (V 1 ) + C 
72 ‘ / y 2 +6y+10 = / l + (y 2 + 6y + 9) = J 1 + (y + 3) 2 = tan 1 (y + 3) + C 


73. 


74. 


r 


8 dx 

x 2 - 2x + 2 


>r 


dx 

1 + (x 2 — 2x + 1) 




dx 

l+(x-l) 2 


/, 


2 dx 
2 x 2 — 6x + 10 


= 2 




_dx_ 

2 1 + (x 2 - 6x + 9) 


= 2 


I 


dx 


2 l + (x-3) 2 


= 8 [tan 1 (x — 1 )] i = 


= 2 [tan 1 (x - 3)]. 


8 (tan " 1 1 - tan " 1 0 ) = 8 (| - 0 ) = 2 tt 
= 2 [tan " 1 1 - tan " 1 (- 1 )] = 2 [| - (- f)] 


75. dx = f x 7 R dx + /^dx; f ^ dx = ¿/¿du where u = x 2 + 4 =» du = 2xdx =* 3 du = xdx 

/^p_ dx = |ln(x 2 +4) + 2tan" 1 (|) +C 


76. / 


t 2 — 6t+ 10 


dt = 


h 


t — 2 


(t — 3) 2 +1 


dt 


Let w = t — 3=>w + 3 = t=>dw = dt 


/^r d w = /ra dw + /ra dw ; 

> f^Ti dw + /ra dw 

= ¿ln(w 2 + 1) + tan"*(w) + C = |ln((t — 3 ) 2 + l) + tan"*(t - 3) + C = |ln(t 2 — 6 t + 10) + tan _I (t — 3) + C 


/= \ J ¿du where u = w 2 + 1 


du = 2 w dw 

\2 


¿ du = w dw 


77- ¡0fr 1 ^ = /(! + ) dx = / dx + ¡09 dx 1O f09 dx ’ f& 9 dx = /¿ du whereu = x 2 + 9 
=> du = 2xdx => /dx + /^dx -10/ ¿r^dx = x + ln(x 2 + 9) - f tan " 1 (§) + C 

78. / t, -/ + + , 3l - 4 dt = /(t - 2 + )dt = /(t - 2)dt + /pfrdt - 2 /p-hydt; f&dt = /¿du where u = t 2 + 1 
=>du = 2tdt=> /(t — 2 )dt + /pqyjdt — 2/p/yjdt = ¿t 2 — 2t + ln(t 2 + 1) — 2tan"'(t) + C 


7T 
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79. 


80. / 


r dx 

f dx í 

dx _ í 

du 

J (x + l)-\/x 2 + 2x 

' (x+l)-\/x 2 +2x+1 — 1 J 

(x+l)V(x+l) 2 -l J 

uy/ u 2 - 

= sec -1 |u| + C = 

sec -1 x + 1 + C 



r dx 

r dx 

r dx 

f 

■J (x — 2) yj x 2 — 4x 3 

J (x — 2)y/\ 2 — 4x + 4 — 1 

J (x — 2)V(x — 2) 2 — 1 

uy/\ 


, where u = x + 1 and du = dx 


where u = x — 2 and du = dx 


= sec 1 |u| + C = sec 1 |x — 2| + C 


J7S' dx = /e'd u . 

= e u + C = e sin_1 x + C 


where u = sin 1 x and du — 


dx 




82. J - - — dx — J e" du, where u = eos 1 x and du = 


Vi — * 

= -e u + C= -e cos ~ lx +C 


— dx 

VTV7 


83. f 7° x \ dx = fu 2 du, where u = sin 1 x and du = / K , 

J Vi -x 2 J Vi -x 2 

= ^ + c = VHíVv! + c 

84. f dx = f u 1/2 du, where u = tan " 1 x and du => 

— | u 3 / 2 + C = | (tan -1 x ) 3/2 + C = | \J (tan -1 x ) 3 + C 

85 - / (tan-VHl+y 2 ) ^ = f l^T ^ = / » dU ’ WherC U = Y ^ dU = TT? 

= ln |u| + C = ln ¡tan -1 y| + C 

í 

86 - 5 (sin-v^i+y 2 dy = / - •> d y = /u du ’ where u = sin_1 y and du = tt=? 

= ln |u| + C = ln ¡sin -1 y| + C 

87. f sec ( SI2C x ) dx = f sec 2 u du, where u 
= [tan u] ^ 3 = tan f - tan f = \/3 - 1 

88 . f , cos 7y —¿ dx — f eos u du, where u 

J2/v/ 3 xVx 2 - 1 J»/6 

T " I 7T/3 ■ 7T * 7T y/3 — 1 

= [ Slnu ] J/6 = Sln 3 - Sln 6 = 2~ 


= sec 1 x and du = — , dx ; x = \Í2 => u = f , x = 2 => u = 

xv x 2 — 1 v 4 


= sec 1 x and du = —¿i— ; x = -4- => u = f , x = 2 => u = 
x V x 2 -1 \/3 6 


89. I-- T dx = 2 I -T-odu where u = tan 1 A /x =>■ du = - l ——- Trdx => 2du = ——!-^dx 

J V^x+l) (tan-!V7) 2 + 9 j U " + 9 V l + (Vx)-2xA (l + x)Vx 

= ftan-'(í^) +C 

90. f e 7 i,rV dx = fu du where u = sin - 1 e x => du = , 1 , e x dx 

J Vl-e 2x J V l-e 2x 

= |(sin - 1 e x )“ + C 


91. lim 

x->0 x 


lim 

x —> 0 


( Vl-2Sx 2 


1 


= 5 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 


W|4 u>|:¿) 





Section 7.6 Inverse Trigonometric Functions 431 


92. lim. ^7 = lim 


x -> 1+ 


x 1+ 


1/2 V (^) (x 2 -1)- 1/2 (2x) 

= ( . i = I h ,"!+ x|x| = 1 

7x2-1 ) 


93. lim x tan -1 (-) = lim = li m 

x—>00 u/ x —> 00 x 1 x —> OO -X 


2x~ 

_ 1 + 4 x _ 2 2/I = lim . _ 

X —> oo -X X —* 00 l+ 4 x 


= 2 


94. lim 

x = O 


7x 2 


= lim 


95. lim -SE—F- = lim 

x^ 0 xsm 'x 



'■ mpw v. 

_li_ — 2 — i 

-0 + 2 — 2 1 
( 1 -0)3/2 


Xtan-l ,=> x _1_ _É_ 


96. lim 


e zx + x 


= lim 


e tan e + 


e x tan -1 e x +-£—+ 


2e 2x + 1 


= lim 

x—>oo 


e 2x +1 7 p 2x 


4e 2x 


e zx e zx + 3 

7 e x tan 1 e x + —^--/ 

e^ x +l) fe^+l) 

= lim — 

x—>oo 


4e 2x 


= lim 

x—>oo 


tan-'e* , (e 2x + 3) 

= lim 

tan -1 e x , (l + 3e 2x ) 

4e x 4(e 2x + l) 2 

x—>oo 

4e x 4(e x + e-x) 2 


= 0 + 0=0 


97. 


lim 

x^ 0 + 


l 2 

tan -1 ( a/x) tan 

1 - , , J = lim — 

x v x + 1 x—>0 + 


(7*) yiu’+x) 

X _i 

2s/x + l " 


= lim /_ 2 _\ = 2 = | 

x ^0 + V (12x 2 +13x + 2)v / x+T / 2 


lim 

x—>0+ 


un 1 (711 

yi(l+x) 
3 *+ 2 
2v/x+l 


lim 

x^ 0 + 


/ 2tan 1 (y/x) \ 
\ (3x + 2) v / x\/x+ 1 / 


lim 

x—>0+ 



98. lim 


o+ (sin 


= lim 


= lim 

x—>0+ 
\/1 + x 2 v+ 


7i^+ 


2(sin x) 




= lim 

x^ 0 + 


/_ x ) 

\ sin -1 x vl+x 2 / 


11111 l -I-7= 

x—>0+ V l + x 2 + xVl- 


x 2 sin 1 x / 


= i = i 


lim 

x^ 0 + 



7i7xi 



99. If y = ln x - i ln (1 + x 2 ) - + c, then dy = i - jf. 



dx 



1 

X (1 +X 2 ) 



dx = 


x (1 +x 2 ) 


which verifies the formula 


x 3 — x + (tan ^(l+x 2 ) , _ tan- 1 x j 

x 2 (l+x 2 ) UX — x 2 UX ' 


100 . If y = ^ cos 1 5x + | J „ dx, then dy = 


xl '“- ,5x+ (í)(77ip) + 2 (7ría.) 


dx 


= (x 3 cos 1 5x) dx, which verifies the formula 


101 . Ify = x(sin 1 x ) 2 — 2 x + 2 \J 1 — x 2 sin 1 x + C, then 


dy = 

the formula 


(sin" 1 x) 2 + 


2 + 7 T+ ivC ' x + 2 7 i^“ (t+O] dx = (sin- 1 x) 2 dx. 


which verifies 


102. If y = xln (a 2 + x 2 ) — 2x + 2a tan 1 (|) + C, then dy = 


ln (a 2 + x 2 ) + - 


2 x 2 


2 + 


1 + 


ln (a 2 + x 2 ) + 2 (fqrjr) — 2 dx = ln (a 2 + x 2 ) dx, which verifies the formula 


dx 


103. ^ =7 dy = ^ dx 2 =>■ y = sin 1 x + C; x = 0 and y = 0 => 0 = sin 1 0 + C =7 C = 0 =7 y = 


sin 1 x 
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104. ^ — i dy = (y-i-p — l) dx =7 y = tan 1 (x) — x + C; x = 0 and y = 1 =í> 1 = tan 1 0 — 0 + C 

=7 C = 1 =>■ y = tan -1 (x) — x + 1 

105. ^ = — , 1 => dy = — 7 == => y = sec " 1 Ixl + C; x = 2 and y — n =>■ ir — sec ” 1 2 + C => C = 7r — sec ” 1 2 

ax xy x ¿ — 1 xy x 2 — 1 

= 7 r— 1 = ^ =>■ y = sec -1 (x) + ?f, x > 1 

106 - I = TTF - 7 ^ => d y = (iTF - TiZ?) dx => y = tan " 1 x - 2 sin " 1 x + C; x = 0 and y = 2 
=> 2 = tan " 1 0 — 2 sin " 1 0 + C => C = 2 => y = tan " 1 x — 2 sin " 1 x + 2 


107. (a) The angle a is the large angle between the wall and the right end of the blackboard minus the small angle between 
the left end of the blackboard and the wall =7 a = cot " 1 (yj) — cot " 1 (|) . 


(b) £ = 


15 


i+ A 


»+(ir 


; f = 0 =» 540 - 12x 2 = o => X = ±3^5 


225+ x 2 ^ 9 + x 1 

Since x > 0, consider only x = 3y/5 => a^v^) = cot " 1 - cot " 1 ~ 0.729728 « 41.8103°. Using 

the first derivative test, ^ 
x = 3 a/ 5 « 6.7082 ft. 


X— 1 


= ^>0and^ 


x—10 


= < 0 => local máximum of 41.8103° when 


108. V = 


V = 7r lo P 2 “ (sec Y) 2 ] dy = tt [4y - tan y] q /3 = n - y/í) 


109. V = (|) 7 rr 2 h = (|) 7 r (3 sin 9) 2 ( 3 eos 9) = 9ir (eos 9 — eos 3 9 ), where 0 < 9 < | 

=> ^ = — 97 r(sin 9) (1 — 3 eos 2 6) = 0 =>■ sin 9 = 0 or eos 8 — ± =>■ the critical points are: 0, eos " 1 , and 

eos " 1 ; but eos " 1 is not in the domain. When 9 — 0, we have a minimum and when 9 = eos " 1 

« 54.7°, we have a máximum volume. 


110. 65° + (90° -0) + (90° - a) = 180° 


a 


= 65° - ¡3 =- 65° - tan " 1 ( 2 ¿) « 65° - 22.78° « 42.22° 


111. Take each square as a unit square. From the diagram we have the foliowing: the smallest angle a has a 

tangent of 1 => a — tan " 1 1 ; the middle angle 3 has a tangent of 2 => 0 = tan " 1 2 ; and the largest angle 7 
has a tangent of 3 =>■ 7 = tan " 1 3. The sum of these three angles is 7 r => a + 0 + 7 = 7 r 
=>• tan " 1 1 + tan ” 1 2 + tan " 1 3 = 7 t. 


112. (a) From the symmetry of the diagram, we see that 7 r — sec " 1 x is the vertical distance from the graph of y — sec ” 1 x to 

the line y — ir and this distance is the same as the height of y = sec " 1 x above the x-axis at —x; 
i.e., ir — sec " 1 x = sec ” 1 (—x). 

(b) eos ” 1 (—x) = 7 r — eos " 1 x, where — 1 < x < 1 => eos ” 1 (—y) = 7 t — eos " 1 Q), where x > 1 orx < — 1 
=> sec " 1 (—x) = 7 r — sec ” 1 x 

113. sin " 1 (1) + eos " 1 (1) = | + 0 = |; sin " 1 (0) + eos ” 1 (0) = 0 + | = |; and sin ” 1 (—1) + eos ” 1 (— 1) = — | + 7 r = |. 

If x € (— 1 , 0 ) and x = —a, then sin " 1 (x) + eos ” 1 (x) = sin " 1 (—a) + eos ” 1 (—a) = — sin " 1 a + (ir — eos ” 1 a) 

= ir — (sin " 1 a + eos " 1 a) = 7 r — | = | from Equations (3) and (4) in the text. 
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| = a + (3 = tan 1 x + tan 1 2 . 


115. esc 1 u = | — sec 1 u => ¿ (esc 1 u) = ¿ (| — sec 1 u) = 0 


116. y = tan 1 x => tan y = x =>■ ¿ (tan y) = ¿ (x) 
=► (sec 2 y) * = 1 =► & = A- = 1 

v J / dx dx sec 2 v 




1 + x 2 ) 


= | ( ^ , as indicated by the triangle 


du du 



117. f(x) = sec x =4> f'(x) = sec x tan x => 


dx | 

, df 



x=b E*= 

f-bb) 


sec(sec 1 b)tan(sec 1 b) b(±Vb 2 - l) " 
d „ _ 1 


Since the slope of sec 1 x is always positive, we the right sign by writing ¿sec 1 x = 


|x¡\/x 2 - 1 ' 


au au 

118. cot -1 u = f - tan" 1 !! =>• ¿ (cot^u) = £ (f - tan- 1 u) = 0 - 


119. The functions f and g have the same derivative (for x > 0), namely - T — 1 —— . The functions therefore differ 

y/X(X+l) 

by a constant. To identify the constant we can set x equal to 0 in the equation f(x) = g(x) + C, obtaining 
sin -1 (— 1) = 2 tan -1 (0) + C =>■ — | = 0 + C => C = — |. For x > 0, we have sin -1 (¿¡rj) = 2 tan -1 y^x 

120. The functions f and g have the same derivative for x > 0, namely . The functions therefore differ by a 
constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining 


sin 1 = tan 1 1 + C => | = |+ C => C = 0. For x > 0, we have sin 


vTT+T 


= tan 


V = 71 J¿/ 3 (tíT?) dx = 71 f-Z/3 ITF dx = 71 t tan_1 X 1 % = 71 [ tan_1 73 - tan- 1 (- 


121. V = 


* v/3 


122. Consider y = \/r 2 — x 2 => ¿ ^ 2 x 2 ; Since ¿ is undefined at x = r and x = —r, we will ñnd the length from x = 0 


pi/V2 I 7 ~ 77 pr/s/2 / 

to x — —^ (in other words, the length of | of a circle) =í> L = J 0 y 1 + y , x , J d x = J 0 y 1 + ¡a- 
= X^VT5<l x = / I ' , '^ 7? ! r7<lx=[rs¡n->(!)]; / ' /Í = rsin-l(¿#)- r s¡n->(0) 

= r sin -1 j — 0 = r(|) = Y - The total circumference of the circle is C = 8L = 8 (Y) = 27rr. 


7 dx 


123. (a) A(x) = \ (diameter) 2 = \ 


7T 

1 

( 1 )} 

4 

.v/l+x 2 

\ Vi+WJ 


1 +X 2 


V = f‘ A(x) dx = f 


r dx 
+ x 2 


= 7 t [tan 1 x] ¿ = (tt)( 2) (f) = 


1 

( 1 7 

. \/ 1 + x 2 

V 7 1 + x 2 /. 


4 

T+x® 


(b) A(x) = (edge) 2 = 

= 4 [tan -1 x] ¿ =4 [tan -1 (1) — tan -1 (—1)] = 4 [| — (— |)] = 27r 


V = X l A(x)dx = £4ft 
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124. (a) A(x) = | (diameter) 2 = J - o) _ = J ^ V = T A W dx 

= iÜJ /2 dx = 71 [ sin_1 x ]íf /2 = 71 [sin^ 1 (^) - sin- 1 (- í)] = 71 [?-(-?)] = 


(b) A (x)=!^ =4(^-0 ) 2 = 7 ^j =► V = £a(x) dx = / 


V ^/2 


\/2/2 7l -X 2 


dx 


= 2 [sin 1 x]_ v ' 4/2 = 2(í -2) = 


125. (a) sec” 1 1.5 = eos’ 1 ^ « 0.84107 (b) esc” 1 (-1.5) = sin’ 1 (- i) « -0.72973 

(c) cor 1 2 = f - tan” 1 2 « 0.46365 

126. (a) ser 1 (-3) = eos" 1 (- ±) « 1.91063 (b) esc" 1 1.7 = sin- 1 (i) « 0.62887 

(c) cor 1 (-2) = | - tan’ 1 (-2) w 2.67795 


127. (a) Domain: all real numbers except those having 
the form | + k7r where k is an integer. 

Range: - § < y < § 


(b) Domain: —oo < x < oo; Range: — oo < y < oo 
The graph of y = tan -1 (tan x) is periodic, the 
graph of y = tan (tan -1 x) = x for —oo < x < oo. 


128. (a) Domain: —oo < x < oo; Range: — | < y < | 


(b) Domain: —1 < x < 1; Range: — 1 < y < 1 
The graph of y = sin -1 (sin x) is periodic; the 
graph of y = sin (sin- 1 x) = x for — 1 < x < 1. 


129. (a) Domain: —oo < x < oo; Range: 0 < y < 7r 
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(b) Domain: —1 < x < 1; Range: — 1 < y < 1 
The graph of y = eos -1 (eos x) is periodic; the 
graph of y = eos (eos -1 x) = x for — 1 < x < 1. 


130. Since the domain of sec -1 x is (—oo, —1] U [1, oo), we 
have sec (sec -1 x) = x for |x| > 1. The graph of 
y = sec (sec -1 x) is the line y = x with the open 
line segment from (—1,-1) to (1,1) removed. 


131. 


The graphs are identical for y — 2 sin (2 tan 1 x) 
= 4 Nn (tan" 1 x )] I cos (tan -1 x)] = 4 ( 



y 



y 



y 



132. 


The graphs are identical for y = eos (2 sec 1 x) 

9/ —1\ . 9 / _l\ 1 x 2 — 1 

= eos (sec x) — sin (sec 1 x) = ^ 



50 


40 

- 

30 

- 

20 

-i 2 

y = cos(2sec _l .x) |q 

y= 2 ~ X 
y 2 

X 

, , 7 

V , 

-10 -5 

5 10 


133. The valúes of f increase over the interval [—1, 1] because 
f' > 0, and the graph of f steepens as the valúes of f' 
increase towards the ends of the interval. The graph of f 
is concave down to the left of the origin where f" < 0, 
and concave up to the right of the origin where í" > 0. 
There is an inflection point at x = 0 where í" = 0 and 
f' has a local minimum valué. 


y 
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134. The valúes of f increase throughout the interval (—oo, oo) 
because f' > 0 , and they increase most rapidly near the 
origin where the valúes of f' are relatively large. The 
graph of f is concave up to the left of the origin where 
f" > 0 , and concave down to the right of the origin 
where f" < 0. There is an inflection point at x = 0 
where f" = 0 and f' has a local máximum valué. 


y 



7.7 HYPERBOLIC FUNCTIONS 


1 . sinh x = 
coth x = 


cosh x = \J 1 + sinh 2 x = \J Y + (— |) ~ = \J Y + 


_ 3 

4 

-4— = — |, sech x = 

tann x 3 7 cosh x 


T 5 = \ i = i , tanh x = 


_ sinh x _ ( \ 


= |, and csch x = J— = — \ 

5 sin x 3 


2 . sinh x = | => cosh x = \/1 + sinh 2 x = \¡ 1 + y = 


25 _ 5 .. _ sinh x _ ( 3 ) _ 4 __ 1 

T — 3 ’ tann x — — |¡y — 4 > com x - 


tanh x 


sech x = 


cosh x 


= t, and csch x = 1 


sinh x 


3. cosh x = 


x = , x > 0 => sinh x = \J cosh 2 x — 1 = \j (¡ 5) 2 - 1 = \j 


— Yj , coth x = 


tanh x 


= V , sech x = 


_ 15 
cosh x 17 


= || , and csch x = 


sinh x 


289 1 _ 

225 1 

15 
8 


64 = 4 , tanh x = - ( 


15 


cosh > 


( 8 ) 


4. cosh x = , x > 0 => sinh x = \J cosh 2 x — 1 = = = tanh x — 


coth x = 


= j|, sech x = 


= A , and csch x = -A— = 


25 


sinh x _ V 5 J _ 12 

cosh x 13 • 


5. 


2 cosh(lnx) = 2 (^±^) 


~lnx 


1 

plnx 


6 . sinh (2 ln x) = 


x“-l 

2 x 2 


7. cosh 5x + sinh 5x = e 5 x t e 5x + g5x „ e 5x = e 5 


, _ . , . ~3x i a -3x a 3x „-3x 

cosh 3x — sinh 3x = t, - 5 —4— = e 


9. (sinh x + cosh x ) 4 = (^7 + ^f 1 ) = (e x ) 4 = 


4 _ a 4x 


10 . ln (cosh x + sinh x) + ln (cosh x — sinh x) = ln (cosh 2 x — sinh 2 x) = ln 1 = 0 


11 . (a) sinh 2 x = sinh (x + x) = sinh x cosh x + cosh x sinh x = 2 sinh x cosh x 
(b) cosh 2 x = cosh (x + x) = cosh x cosh x + sinh x sin x = cosh 2 x + sinh 2 x 


12 . cosh 2 x — sinh 2 x = ( — 
= 1 (4e°) = i (4) = 1 


éT ) 2 


-) 2 = k [(e x + e _x ) + (e x - e“ x )] [(e x + e“ x ) - (e x 


= i ( 2 e x ) ( 2 e- x ) 


13. y = 6 sinh | ^ ^ = 6 (cosh |) Q) =2 cosh | 


14. y = i sinh (2x +1) =» g = \ [cosh(2x + 1)](2) = cosh(2x + 1) 

15. y = 2y/t tanh y/t = 2t 1//2 tanh t 1 / 2 =>■ ^ = [sech 2 (t 1 / 2 )] (| t -1 / 2 ) (2t 1//2 ) + (tanh t 1 / 2 ) (t' 1 / 2 ) = sech 2 y/t + tan y[^ 
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16. y = t 2 tanh i = t 2 tanh t _1 => ^ = [sech 2 (t' 1 )] (—t -2 ) (t 2 ) + (2t) (tanh t _1 ) = — sech 2 1 + 2t tanh 1 

17. y = ln(sinh z) => % = = coth z 18. y = ln(cosh z) =>■ ^ = tanh z 

19. y = (sech 0)( 1 — ln sech 9) =>• ^ = (— ~ s ^ c 9 h l ™ h g ) (sech 9) + (— sech 9 tanh 9)( 1 — ln sech 0) 

= sech 9 tanh 9 — (sech 9 tanh 0)( 1 — ln sech 9) = (sech 9 tanh 0)[ 1 — (1 — ln sech 9)] = (sech 9 tanh 0)(ln sech 9) 

20. y = (csch 9){ 1 — ln csch 9) => ^ = (csch 9) (— — cs ^ c g oth 8 ) + (1 — ln csch 0)(— csch 0 coth 0) 

= csch 9 coth 9 — (1 — ln csch 0)(csch 9 coth 9) = (csch 9 coth 0)(1 — 1 + ln csch 9) = (csch 9 coth 9)( ln csch 9) 

21. y = ln cosh v — \ tanh 2 v => ^ — (|) (2 tanh v) (sech 2 v) = tanh v — (tanh v) (sech 2 v) 

= (tanh v) (1 — sech 2 v) = (tanh v) (tanh 2 v) = tanh 3 v 


22. y = ln sinh v — 2 coth 2 v => ^ — (i) (2 coth v) (— csch 2 v) = coth v + (coth v) (csch 2 v) 

= (coth v) (1 + csch 2 v) = (coth v) (coth 2 v) = coth 3 v 


23. y = (x 2 + 1) sech (ln x) = (x 2 + 1) ) = (x 2 + 1) (^) = (x 2 + 1) (^) = 2x =» g = 2 

24. y = (4x 2 - 1) csch (ln 2x) = (4x 2 - 1) ( ^_ 2 e _ h> . ) = (4x 2 - 1) (^) = (4x 2 - 1) (Jl x ) = 4x =*► g = 4 


25. y = sinh 1 y/x = sinh 1 (x 1 / 2 ) 


dy _ ( 2 ) x lj ~ _ 1 _ 1 

dx yj 1 _(_ (x 1 / 2 ) 2 2y / x-\/r+x 2-\/x(l +x) 


26. y = 


cosh 1 2^/x + 1 = cosh 1 (2(x + l) 1 / 2 ) => ^ ^ ( -= 


■ 1/2 


-y/[2(x+ l) 1 / 2 ] 2 - l \/x+ 1 \/4x + 3 \/4x 2 +7x + 3 


27. y = (1 — 0) tanh 1 0 => ^ = (1 — 0) (fz^) + (—1) tanh 1 6 = - tanh 1 0 


28. y = (0 2 + 20) tanh’ 1 (0 + 1) => | = (0 2 + 20) 


1 

l-(0+l) 2 


+ (20 + 2) tanh- 1 (0 + 1) = + (20 + 2) tanh- 1 (0 + 1) 


= (20+ 2) tanh- 1 (0+ 1)- 1 

29. y = (1 — t)coth- 1 ^/t = (1 - t)coth _1 (t 1 / 2 ) => g = (1 — t) 


0)« 


- 1/2 


1 - ( t 1 / 2 ) 2 


+ (—l)COth 1 (t 1 / 2 ) = — COth 1 y/t 


30. y = (1 — t 2 ) coth 1 1 => g = (1 — t 2 ) (y^p) + (—2t) coth 1 1 = 1 — 2t coth 1 1 


31. y = eos 1 x — x sech 1 x =>- -4 = 


dy _ -1 


dx 


x (vrh) +(1)sech " lx 


-1 


y/\ — X 2 y/T- 


sech 1 x = — sech 1 x 


32. y = ln x + \J 1 — x 2 sech 1 x = ln x + (1 — x 2 ) 1 ^ 2 sech 1 x 

\ + (1 “ x2 ) 1/2 (zrh?) + ( 5 ) ( ! - x 2 ) _1/2 (-2x) sech- 1 x = i - i - 


dy _ 
dx x 


sech 1 x = 


X 1 


yr 


sech 1 x 


33. y = csch 1 (i) e =*■% = - 


2 / J _ _ ln (1) — ln (2) _ ln 2 


Id- 


/ . 

, > 20 

\l 1 + (; 

0 


/ . 

, > 20 

V i + (: 

0 
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34. y = csch -1 2 9 


dy 

áe 


(ln 2)2" _ — ln 2 

2 e y/l + {2‘f 


y/\ + 2™ 


35. y = sinh -1 (tan x) => / = ,, se f x 

J v ' dx y 1 + (tan x) 2 


sec 2 x _ sec 2 x 



|sec x| |sec x| 
|sec x| 


|sec x| 


36. y = cosh 1 (sec x) => ^ 


(sec \IItan \) _ (sec xMtan \) _ (sec x)(tan x) _ fl v TL 

y/ sec 2 x — 1 'J tan 2 x l tan x l ’ 2 


37. (a) If y = tan 1 (sinh x) + C, then ^ = x + x = cckFx = sec h x > w hich verifies the formula 

(b) If y = sin -1 (tanh x) + C, then ^ x = sech x, which verifies the formula 

ax y 1 — tanh 2 x secn x 

38. If y = y sech -1 x — | -\/1 — x 2 + C, then = x sech -1 x + y 2 ) 2 = x sec h _1 x, which verifies the 

formula 


39. If y = T_L coth 1 x + x + C, then ^ = x coth 1 x + (r=3?) + \ — x coth 1 x, which verifies the formula 

40. If y = x tanh -1 x + ^ ln (1 — x 2 ) + C, then ^ = tanh -1 x + x + h (tT^t) = tanh -1 x, which verifies the formula 


41. J sinh 2x dx = ^ J sinh u 

cosh 1 


du, where u = 2x and du = 2 dx 


_ cosh u _|_ q* _ cosh zx j q 


42. J sinh | dx = 5 J sinh u du, where u = | and du = j dx 

= 5 cosh u + C = 5 cosh | + C 

43. J 6 cosh (| — ln 3) dx = 12 J cosh u du, where u = | — ln 3 and du = | dx 

= 12 sinh u + C = 12 sinh (| — ln 3) + C 

44. J 4 cosh (3x — ln 2) dx = | J cosh u du, where u = 3x — ln 2 and du = 3 dx 

= | sinh u + C = | sinh (3x — ln 2) + C 


45. f tanh f dx = 7 f du, where u = f and du = \ dx 
= 7 ln |cosh u| + Ci = 7 ln |cosh || + Ci = 7 ln 

= 7 ln |e x/7 + e -x/7 | + C 


e x/ 7 _|_ e x/7 
2 


+ Ci = 7 ln |e x / 7 + e -x/7 | - 7 ln 2 + Ci 


46. f coth áO = y/3 f ^ du, where u = and du = // 


y/3 


vT 


= y/3 ln |sinh u| + Ci = y/3 ln sinh + Ci = y/3 ln 


J/y/3 _ -9/y /3 


+ Ci 


= y/3 ln e 9 /^ 2 - e -9 ^ - ln 2 + Ci = y/3 ln e 9 /^ _ e -9 /^ + c 


47. j sech 2 (x — i) dx = j sech 2 u du, where u = (x — |) and du = dx 
= tanh u + C = tanh (x — |) + C 
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48. J csch 2 (5 — x) d x = — J csch 2 u du, where u = (5 — x) and du = — dx 

= —(— coth u) + C = coth u + C = coth (5 — x) + C 

49. J sech '/Ttanh v/t ¿i = 2 J sech u tanh u du, where u = \A. = t 1 / 2 and du = ^ 


= 2(— sech u) + C = —2 sech y/t + C 


50 - / 


csch (ln t) coth (ln t) 


dt = J csch u coth u du, where u = ln t and du = y 


= — csch u + C = — csch (ln t) + C 


J »ln4 pin4 pl5/8 i c/o 

coth x dx = I £2^dx=| 1 du = [ln luí] = ln I ^ I — ln 111 = ln I ^ 11 = ln |, 

Ln 2 Jín2 smhx J 3/4 u L 1 u 3/4 18 1 141 18 31 2’ 


where u = sinh x, du = cosh x dx, the lower limit is sinh (ln 2) = 


e ln2_ e -l„2 _ 2- (jj _ 3 


= 4 and the upper 


limit is sinh (ln 4) = 


„ln4_ln4 


4-1 


41 _ 15 


pin 2 pin 2 . pl//o 1 'r/o 

52. / o tanh2xdx = / o ^ dx = i f i du = ¡ [ln ¡u¡] \ 7/8 = 1 [ln (f) - ln l] = ± 17 


= ^ ln y , where 

u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0=1 and the upper limit is cosh (2 ln 2) = cosh (ln 4) 


„ln4 i ln4 4 + (j 


4 y _ 17 


— ln2 p-ln2 / 0 , —0 \ p- ln2 

in4 2é cosh 9 d9 = J ]n4 2é (My-J d 6 = J ^ (e 2e + 1) dé» = [ 

= (' r - ln 2 ) - - ln 4 ) = (I - ln 2 ) - - ln 4 ) 


= Lt + *U 4 

^ — ln 2 + 2 ln 2 = ^ + ln 2 


54 


pin 2 pin 2 / ñ _ ñ \ pin 2 

. X 4e~- sinh 9 d6 = J g 4e " ( c “ c J dé» = 2 J g (1 - e - 2fl ) dé» = 2 


ln2 

0 


= 2 [(ln 2 +^)-(o+^)] =2(ln2+|-i) 


= 21n2+|-l=ln4-| 


55. 


X /4 cosh(tan 0) sec 2 9 á6 — J ^osh u du = [sinh u] 1 _ 1 — sinh (1) — sinh(—1) = ^ gl 2 e ^ — ( e * 2 g1 ^ 

= e ~ e 1 ~ e 1+6 = e — e _1 , where u = tan 9 , du = sec 2 9 d 9, the lower limit is tan (— |) = — 1 and the upper 
limit is tan (|) = 1 


56. 


X 2 sinh (sin 9) eos 9 d9 = 2X sinh u du =2 [cosh u] ¿ = 2(cosh 1 — cosh 0) = 2 ( e+ 2 e — 1^) 

= e + e _1 — 2, where u = sin 9 , du = eos 9 d 9, the lower limit is sin 0 = 0 and the upper limit is sin (|) = 1 


57. X c ° sh t (ln dt = X cos h u du = [sinh u] ¡J 12 = sinh (ln 2) — sinh (0) 
u = ln t, du = 4 dt, the lower limit is ln 1 = 0 and the upper limit is ln 2 


0 = = |, where 


58. X = ^ Si cos ^ u du = 16 [sinh u] 2 = 16(sinh 2 — sinh 1) = 16 ( e2 ~ e — ( e ~ 2 e 1 'j 

= 8 (e 2 — e -2 — e + e _1 ), where u = yTc = x 1 / 2 , du = | x _1 / 2 dx = > »he lower limit is y/T = 1 and the upper 

limit is \[Á = 2 
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59. J ; ^cosh 2 (|) dx = J i ^ cosh 2 x + 1 dx = | J* (cosh x + 1) dx = | [sinh x + x]° ln2 

= i [(sinh 0 + 0) - (sinh(— ln 2) - ln 2)] = | [(0 + 0) - - l n 2 )] = i - ( 2 ]/ 2 + ln 2 

= H 1 -3+ ln2 ) = f + ! ln2 =f+ ln V / 2 

pin 10 pin 10 pin 10 

60. J o 4sinh 2 (|) dx = J o 4( cosh 3 x ~i ) dx = 2 J g (cosh x - 1) dx = 2 [sinh x - x]/° 

= 2[(sinh (ln 10) - ln 10) - (sinh 0 - 0)] = e lnl ° - e' tal ° - 2 ln 10 = 10 - i - 2 ln 10 = 9.9 - 2 ln 10 

61. sinh' 1 (=f) = ln ^ + yj + l) = ln (§) 62. cosh' 1 (f) = ln (§ + yj f - l) = ln 3 

63. tanh' 1 (- 1) = 1 ln 64. coth' 1 (f) = ¡ ln (gg) = \ ln 9 = ln 3 

65. sech' 1 (|) = ln ^ 1+37 // 9 —= ln 3 66. csch' 1 = ln a/3 + -^0=y^ = ln a/¡3 + 2^ 

67. (a) ^ 4 d * = [sinh' 1 |] g ' y ' 3 = sinh' 1 a/ 3 — sinh 0 = sinh' 1 a/3 

(b) sinh' 1 y/3 = ln (V3 + ^3 + 1) = ln (^3 + 2 ) 

68. (a) f , 6dx , =2 f where u = 3x, du = 3 dx, a = 1 

= [2 sinh' 1 u] ¿ = 2 (sinh' 1 1 — sinh' 1 0) = 2 sinh' 1 1 
(b) 2 sinh' 1 1 = 21n (l + a/ 1 2 + l) = 2 ln (l + v^) 

69. (a) ^ dx = [coth' 1 x] = coth' 1 2 — coth' 1 | 

(b) coth' 1 2 - coth' 1 | = i [ln 3 — ln (|[|)] = \ ln | 

70. (a) ! /. dx = [tanh' 1 x] / 2 = tanh' 1 ,[ — tanh' 1 0 = tanh' 1 | 

(b) tanh' 1 I = Iln([±/f)=Iln3 

r 3 / 13 a r n ¡ n a 

71. (a) I — , dx , = | —, where u = 4x, du = 4 dx, a = 1 

J 1/5 xyl — 16x 2 J 4/5 u\/a 2 — u 2 

= [— sech' 1 u// 3 = — sech' 1 j| + sech' 1 | 

(b) - sech' 1 |§ + sech' 1 f = - ln ( i± 4/5F H ) + ln ( ) 

= -ln( ' 3 ^ V [/ +ln( 5 + v/ f =ln(^) -ln(^) = ln 2 - ln | = ln (2 • |) = ln f 

72 ‘ (a) /1 = 5 csch_1 110 1 = - \ ( csch ^ 1 - csch ” 1 l) = 5 ( csch_1 I - csch_1 0 

(b) i (csch' 1 i - csch' 1 1) = i [ln (2 + - ln (l + v^)] = 5 ln (fj^f) 

pr r*0 Q 

73. (a) I Llls x , dx = I ——? du = [sinh' 1 ul n = sinh' 1 0 — sinh' 1 0 = 0, where u = sin x, du = eos x dx 

Jo \ 1 -t- sin 2 x Jo ,/l4-ii 2 1 J o ’ 
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(b) sinh -1 0 - sinh -1 0 = ln (o + >/0 + l) - ln (o + a/0 + l) = 0 


74. (a) 


(b) 


f — . ^ „ = f , , , where u = ln x, du = - dx, a = 1 

J1 xy 1 -f(lnx ) 2 Jo y a 2 4-u 2 x 

= [sinh -1 u] ¿ = sinh -1 1 — sinh -1 0 = sinh -1 1 
sinh -1 1 — sinh -1 0 = ln ^1 + \/1 2 + 1 j — ln ^0 + \/0 2 + 1 j = ln ^1 + \/2j 


75. Let E(x) = f(x)+ / ( ~ x) and 0(x) = f(x)-f(-x) . Then E(x) + O(x) = f(x) + f(-x) + f(x)-f(-x) = ^ = f(x). Also, 

E(—x) = + = fw + 2 f( ~ x) = E(x) =► E(x) is even, and 0(-x) = «-»)-«-(-»)) = _ m-Z-*) = _ 0(x) 

=>■ O(x) is odd. Consequently, f(x) can be written as a sum of an even and an odd function. 
f(x) = f(x)+ , f(-x) because f(x) 7/ ( ~ x) = 0 if f is even and f(x) = f(x) ~ f(-x) because f(x) + 2 f(-x) = 0 if f is odd. 

Thus, if f is even f(x) = 7^9 + Q and if f is odd, f(x) = 0 + 7(99 


76. y = sinh 1 x => x = sinh y =>• x = ey 9 e y =>• 2x = e y — F =>■ 2xe y = e 2y — 1 => e 2y — 2xe y —1=0 

=> e y = 2x± v4x 2 + 4 e y = x -(- x 2 -|- 1 =>- sinh -1 x = y = ln ^x + a/x 2 + l^j . Since e y > 0, we cannot 

choose e y = x — a/x 2 + 1 because x — \J x 2 + 1 < 0. 


77. (a) 




^ = mg — kv 2 . Also, since tanh x = 0 when x = 0, v = 0 


when t = 0. 


(b) 

(c) 


160 

0.005 


160,000 


400 



80^» 178.89 ft/sec 


tanh 




78. (a) s(t) = a eos kt + b sin kt =>■ ^ = —ak sin kt + bk eos kt => ^ = —ak 2 eos kt — bk 2 sin kt 

= —k 2 (a eos kt + b sin kt) = —k 2 s(t) => acceleration is proportional to s. The negative constant —k 2 
implies that the acceleration is directed toward the origin. 

(b) s(t) = a cosh kt + b sinh kt => ^ = ak sinh kt + bk cosh kt => ^ = ak 2 cosh kt + bk 2 sinh kt 

= k 2 (a cosh kt + b sinh kt) = k 2 s(t) => acceleration is proportional to s. The positive constant k 2 implies 
that the acceleration is directed away from the origin. 


79. V = tt (cosh 2 x — sinh 2 x) dx = tt 1 dx 


2-7T 


80. 


V = 27r sech 2 x dx = 27r [tanh x] ¡J 1v/3 = 27 t 


a/3- (l/yT) 
a/ 3+ (l/\/3) 


81. y = i cosh 2x => y' — sinh 2x => L = f g y/l + (sinh 2x) 2 dx — cosh 2x dx = [| sinh 2x] |” v5 


’l 1 

( e 2x — e~ 2x ') " 

^ 1 (, 

5 - 

_ 6 

2 < 

l 2 )\ 

0 5 ^ 

3 5/ 

5 
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= lim 


82. (a) lim tanhx = lim 

x 7 x —> oo noo r + e 


(b) lim tanh x = lim e x . e _ 

' 7 x —> —oo x —» — oo e x + e 


; oo e x + 

= lim 


C X 1 ÍP X 1 "1 1 1 _ * 

^7 = lim • í = lim 

¡x x — > oo (e + ji) ¡x X — ► 00 1 + 4f 


i^O = 1 

1 +0 1 


px 1 (f> x 1 ' 

e —^. = lim 


(c) lim sinh x = lim 

(d) lim sinh x = lim 

v 7 x —> —OO X —> —oo 


(e) lim sech x = lim x , _ 

v 7 x —> oo x —> oo e x + e 


= lim 

x —> 00 


'OO e x + ¿: 

p X _ 1 
e e* 


= lim ( c 

X —> 00 1 ■ 


"OO (e x + ¿) e> 

¿) =°° 


^ = lim 


e 2x — 1 
e 2x + 1 


0-1 
0 + 1 




^ - mil I rt 

2 X —> OO ' 2 

= lim (£ - 4^) =0-oo = -oo 

T ■ 4- = lim T-^T- = i4ñ = O 
i i x —> oo 1 + 4= l+o 


O = OO 


00 

= lim -j-j- 

x —> oo e x + 


(f) lim cothx = lim 

v 7 x —> oo x —> oo e x — e 


e + e _ 


= lim 


-T- = lim 


1 “1-r — 11111 TI-TT 

oo e x - ¿ x — > oo (e x - 


(¿+¿) __ i;„ 1 + ¿ 


— — lim _ — — 1 + u 

i - ^ TPoo 1- 1 “ i -o 


_ 1 + 0 _ i 

1 _ 1-0 “ 1 


(g) lim cothx = lim = lim 4^ • S = lim 


■ 0+ 


e +? 
m+ eX -¿ 


(h) lim coth x = lim e * + e * = lim 

x->(r x —> O - e “ e x —> O - 


0+ 

$ = lim 

e X -> 0- 




e 2x + 1 
e 2x — 1 


(i) lim cschx = lim , _ 

v/ x —> —oo x —> —oo e x - e 


= lim 


x —> —oo e x - - 


= lim 


2e x 


x —> —oo e- 


,2x - 1 


-O- — o 
0-1 u 


83. (a) y = £ cosh (g x) => tan 0 = g = (£) [g sinh (g x)] = sinh (g x) 

(b) The tensión at P is given by T eos (f> — H =>■ T = H sec <j> — H \J 1 + tan 2 <j> = 1 + (sinh g x)~ 

= H cosh (g x) = w (^) cosh (g x) = wy 


84. s = - sinh ax => sinh ax = as =$■ ax = sinh 1 as =>■ x = - sinh 1 as; y = - cosh ax = - v cosh 2 ax 

a a 7 J a a v 

= \ \J sinh 2 ax + 1 = 1 \¡ a 2 s 2 + 1 = ^/s 2 + p 


85. To find the length of the curve: y = - cosh ax 


y' = sinh ax =>■ L = J Jl + (sinh ax) 2 dx 

r 

Jo 

— sinh ax] ¡] = g sinh ab = Q) Q sinh ab) which is the area of the rectangle of height X and length L 
as claimed, and which is illustrated below. 


X 


=> L = / cosh ax dx = 


sinh ax I = - sinh ab. The area under the curve is A = J - cosh ax dx 

loa Jo a 



86. (a) Let the point located at (cosh u, 0) be called T. Then A(u) = area of the triangle AOTP minus the area 

- /»coshu j- 

x 2 — 1 from A to T => A(u) = ] cosh u sinh u — J yx 2 -l dx. 

/>coshu j- / j-\ 

(b) A(u) = i cosh u sinh u — J y x 2 — 1 dx =>■ A'(u) = ] (cosh 2 u + sinh 2 u) — í y cosh 2 u — 1J (sinh u) 

= \ cosh 2 u + i sinh 2 u — sinh 2 u = £ (cosh 2 u — sinh 2 u) = (|) (1) = f 

(c) A'(u) = i A(u) = | + C, and from part (a) we have A(0) = 0 => C = O => A(u) = | => u = 2A 
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7.8 RELATIVE RATES OF GROWTH 


1. (a) 

(b) 

(c) 

(d) 


slower, lim 

X —> oo 


— lim 4 - 

X —*■ oo e 
x 3 + sin 2 x _ í-^. 3x 2 + 2 sin x eos x 


slower, lim ^44 = lim 4=0 

X —> OO e X —*■ oo e 


= lim 

X —> oo 


Sandwich Theorem because 4 < -— 4 sm 2x < 1? for all reais and „ lim 


= lim bx + 4 C0S2x = lim b ~ 43ln - x = 0 by the 

X —> OO e X —> oo e J 

2 _ o — i™ 10 


e — 


— e x 


X 


OO 


= 0 = lim 

X —>■ oo 


x i/2 


slower, lim ^ = lim = lim 

x —> oo e x —> oo e x-^oo 


- 1/2 


= lim 


mil - 

X — > OO 2^/xe x 


= o 


4 X 


faster, lim 

X —*■ OO e ‘ 


= lim (-) x = oo since - > 1 

X —y oo xe ' e 


(e) 

(f) 

(g) 

(h) 


slower, lim = lim (4)' = 0 since 4- < 1 

X —> OO e X —► OO ^ 2e / 2e 


slower, lim 4r = lim = 0 


OO 

= lim i 

X —> OO 2 


same, lim 

X —> oo 

slower, lim logl ° x = lim '"T, x = lim * x 
x —> oo e x —> oo < ln 1( » e x —> oo < ln 10 > e 


= lim ,1 x 

X —► OO l> n 10)xe x 


= o 


2. (a) 

(b) 


slower, lim 

X —> oo 


slower, lim 

X —> oo 


10x ' + 3Qx+1 = lim 40x_± 30 = lim 
e x —> oo e x —> oo 


120x 2 


= lim 

x —» oo 


240x 


= lim ^ = 0 

X —> OO e 


í ln x — k 


= lim 

X —*■ oo 


x(lnx-l) 


= lim 

X —> oo 


tax-l+xG') 

- = _ lim 


-í + i 


= lim 

X —> oo 


(C) 


= lim -=/- 
X —> oo e 

slower, lim 

X —> oo 

= ^ = 0 


= lim -4=0 
X —> oo xe 


4i+x 4 _ 


lim = 

X -+ oo e 


lim iíl — 
^ m oo 2e 2x - 


lim = 

—y oo 4e 


lim = 

X —> oo 8e 


lim 

X —> oo 


(d) 

(e) 

(f) 

(g) 

(h) 

3. (a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 

4. (a) 

(b) 

(c) 


slower, lim 

X -+ oo 

slower, lim 

X —> oo 

faster, lim - 

X —> oo 


= lim (4) X = 0 since 4 < 1 

X —► oo x 2e2 2e 


r = lim ¿ = 0 

x —y oo e 

= lim x = oo 
x —y oo 


lim 4 r = 

0 = 

x —> oo e 

X 

same, lim 

gX- 1 

X —> oo 

e x 

same, lim 

x 2 + 4x 

X —> oo 

X 2 

faster, lim 

x 5 -x 2 

x —y oo 

X 2 

same, lim 

\/ x4 + x 

X —> oo 

X 2 

same, lim 

(x + 3) 2 

X —> oo 

X 2 

slower. lim 

x ln x 

x —> oo x 

faster, lim 

2 * _ 

x — y oo 

x2 > 

slower. lim 

x 3 e~ x 

X —> oo x 

same, lim 

8x 2 _ 
o — 

X —> oo 

X z 

same, lim 

X —>■ oo 

x 2 + v / í 

X 2 

same, lim 

10x 2 _ 

X —> oo 

X 2 


e x — e x — e x 

-COSX 


OO e (x-x+i) 


yy = lim 

11 x —y oo 


= lim 

x —> oo 


2x + 4 


,— = lim „ 
2x x —y oo 2 

3 


= 1 


= lim (x 3 — 1) = oo 
x —y oo v ' 


lim 


x 4 + x 3 _ 
y 4 — 


= lim 

X —> oo 


oo x V x —► oo 

2ÍL+31 = lim | = 1 
2x x —y oo 2 


lim (l + i) = y/i = 1 

- OO V X/ v 


n — 

OO x 
(ln 2) 2 X 


—»• OO 

= lim 

x —> oo 

lim 8 

x — > oo 


2x 


X —> OO 

= lim 

X —> oo 


1 — 

(ln 2) 2 2 X 


= OO 


= lim (l + -i) = 1 

X —> (D V X ¿ / ¿ / 


slower, lim 

x —> oo 


x — > oo 

lim 1C 

X —> oo 

= lim 

x — > oo 


= 0 


24 

16e 2x 
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(d) slower, lim logl ° x = lim 

X —> OO x X —> oo 






(i) 

\ ln 10 y _ 1 

lim 

2 lnx _ 2 

lim 

Uj. 


-i— lim 4=0 

ln 10 x —> OO x 


(e) faster, lim 

X —> oo 


= lim (x — 1) = oo 
x —> oo 


(f) slower, lim 

X —> oo 


/ 1 1 \X 

(g) faster, lim =4- = lim 

& X —» oo x x —> oo 


= lim -¡4-* = 
X —> oo 10 x 

- lirr» (ln l-l)(l.l) x 


= lim 


(ln l.l) 2 (l.l) x 


(h) same, lim 

X —> oo 


= lim (1 + 100) = 1 

X —> oo ' x > 


5. (a) 
(b) 


same, lim 

X —> oo 


log3 x _ 


= lim 


= lim r4 = r4 
x —> oo ln 3 ln 3 


same, lim ^ = lim W = 1 

X —> oo lnx x —> oo ( 3 ) 

r ln v/x r (í) 11111 

same, lim -4— = lim -y 2 - = 

X — > OO lnx X — » OO lnx 


= lim i = i 

X —» OO 2 2 

(4 x-V* 


faster, lim 4- = lim f— = lim 


= lim = lim Xx— = oo 

x — » oo 2 V x x —> oo 2 


faster, lim 4^ = lim y4r = lim x = oo 

Y —^ nn lnx y —> on 1 1\ y — y oo 


11111 , - 11111 /, \ - 

X —» oo lnx x—+oo(i) 

same, lim 4^ = lim 5 = 5 

X —> OO ln x X —» oo 


slower, lim 4= = lim —¡1— = 0 

x— >oo lnx X— >oo xlnx 

faster, lim 4- = lim 4 T = lim xe x = oo 


6. (a) 

(b) 


same, lim -pJL 
x —y oo ln x 


= lim 

X —> oo 


= lim y 22 - = yy lim 

ln 2 x —> oo lnx ln 2 x —> oo 


same, lim 

X —> oo 


logio lOx _ 
lnx x 



fin lOx \ 




( 10 1 

lim 

^ ln 10 ^ _ 1 

lim 

ln lOx _ 1 

lim 

(l0xj 


= r4; lim 2 = j4> 
ln 2 X —> oo ln 2 


r4ñ lim 1 = rA?, 

ln 10 x —3 OO ln 10 


slower, lim = lim , -4 — = 0 

X —> OO lnx X —> OO (v/ x )( lnx ) 


slower, lim 

X —» oo 


= lim yy— = 0 

X —> OO x ln x 


faster, lim 

X —> OO 


x—2 ln x 
ln x 


= lim (4- - 2) = ( lim 4- 

x —> no (lux / \x — > oo ln X 


( lim 4-) - 2 = í lir 

\x —> OO ln X ) 1 X —1 > 


O 

I -2 = ( 

lim x) 

(0) 

1 \x 

—> oo ) 


slower, lim = lim y- 2 — = 0 

X —> no ln X X —> oo e x ln X 


2 = oo 


slower, lim 

X —> oo 


= lim 

lnx x —> o. 


= lim 4~ = 0 

X —> OO ln X 


same, lim ln ( ? x+5) _ |j m 

X — > OO lnx X — > o 


— lim 


x — > oo 2x +s 


= lim 


= lim 1 = 1 


7. lim 4f¡ = lim e x / 2 = 


e x grows faster than e x / 2 ; since for x > e e we have ln x > e and lim (lnx) 

x — > oo e 


= lim (44) X = 00 =* (ln x) x grows faster than e x ; since x > ln x for all x > 0 and lim 


mu /t 

X —> OO (ln x)’ 


= lim (r^V 

Y —>• nn Vlnx/ 


= oo =í> x x grows faster than (ln x) x . Therefore, slowest to fastest are: e x ' 2 , e x , (ln x) x , x x so the order is d, a, c, b 


8. lim 

X —> OO 


*44= lim 

X X —> OO 


(ln (ln 2))(ln 2f 
2x 


= lim (ln(ln2 y (ln2f = 44^2)4 i im (ln 2 ) x = 0 


(ln 2) x grows slower than x 2 ; lim 4 = lim 


= lim 


X —> oo 
2 


x 2 grows slower than 2 X ; 


lim == lim (-) x = 0 => 2 X grows slower than e x . Therefore, the slowest to the fastest is: (ln 2) x , x 2 , 2 X 

x—> oo e x — i- OO V e ' ° 

and e x so the order is c, b, a, d 
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9. (a) false; lim - = 1 

(b) false; lim — 4 y = \ = 1 

(c) trae; x < x + 5 => 44 < 1 if x > 1 (or sufficiently large) 

(d) trae; x < 2 x => ^ < 1 if x > 1 (or sufficiently large) 

(e) trae; lim 4 - = lim 4=0 

x —> oo e x 0 

(f) trae; x + lnx = 1 + — < 1 + 4$ = 1 + < 2 if x > 1 (or sufficiently large) 

X X X y' X 

(g) false; lim 44- = lim -r^i = lim 1 = 1 

v c ,/ ’ v _x ln 2x v —x f _2_ \ v x 

l 2x J 


(h) trae; ^ x2 + 5 < ^ (x + 5) ~ < = 1 + - < 6 if x > 1 (or sufficiently large) 


10 . (a) trae; 'yy = 44 < 1 if x > 1 (or sufficiently large) 

w 

íx + 4) 


(b) trae; 


= 1 + - < 2 if x > 1 (or sufficiently large) 


(c) false; lim 

X —*■ oo 


= lim (l — i) = 1 

X —> OO x x ' 


(d) trae; 2 + eos x < 3 =>■ " + ^ osx < | if x is sufficiently large 

(e) trae; = 1 + 4 and 4 —> Oasx —> oo => l + 4 < 2 ifxis sufficiently large 


(f) trae; lim = lim ^ = lim 44 = 0 


(g) trae 


oo 

. ln (ln x) lnx _ 


X —> OO 


< 


= 1 if x is sufficiently large 


(h) false; lim 


ln x 


mu ,—/ o , i\ — lim 

X —» OO l+x'+l) X —> OO 


r * 

U+i/ 


= lim 44=- = lim (1 + 4t) = \ 

X —> oo 2x ¿ x —> oo V 2 2x ¿ / 2 


11. If f(x) and g(x) grow at the same rate, then x Um 44 = L 4 0 


+0 

g(x) 


< 1 if x is sufficiently large =+ L 
f = O(g). Similarly, fg* < |±| + 1 =+ 


_ 1 < M < l+ 1 

S g(x) ^ L ^ 

g = 0 (f). 


lim = f40. Then 

X —» OO t(x) L T- 

44 < |L| + 1 if x is sufficiently large 


12. When the degree of f is less than the degree of g since in that case x lim 4+ — 0. 

13. When the degree of f is less than or equal to the degree of g since x lim 4+ — o when the degree of f is smaller 

than the degree of g, and x Um 4+ — 5 (the ratio of the leading coefficients) when the degrees are the same. 

14. Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the 
same degree grow at the same rate. 


15. lim 44^ = Um 4^4 

x —> 00 lnx x —> 00 (i) 


lim — 4 r = lim j = 1 and lim 

X —> 00 X+1 X —> OO 1 X —> 00 


ln(x + 999) _ j im (x + 999) 

lnx y —v oo /Ti 


= lim 


11111 . ArtA 

X —OO x + 999 


= 1 


16. lim 

x —» 00 


ln (x + a) 

ln x 


= lim 

x —> 00 


lim 

x —>■ 00 x+a x 


= lim y = 1. Therefore, the relative rates are the same. 

X —► OO 1 
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17. 


lim v/l0 T f 1 = . / lim 10x + 1 = v/lO and lim v^+i — / Jim x + 1 = y 7 ! = 1. Since the growth rate 

X —> OO v x v x— > OO x V X —*■ OO v x V XH > OO x v ° 

is transitive, we conclude that \J 1 Ox + 1 and ^/x + 1 have the same growth rate (that of yT) . 


18. lim ^V 1 " x = J lim ^4+ü = \ an( j lim x3 = J lim x ‘ M = 1. Since the growth rate is 

x oo x Vx-+OO x x — > OO x V X -»OO x 6 

transitive, we conclude that \/x 4 + x and \/x 4 — x 3 have the same growth rate (that of x 2 ). 

19. lim 4 = lim = ... = lim 4=0 =>■ x n = o(e x ) for any non-negative integer n 

X —*■ OO e X —> OO e x —> OO e J b ° 


20. Ifp(x) = a n x n + a n -ix n ' + ... + aix + an,then lim ^ = a n lim 4 + a n _i lim í ^ r - + ... 

+ ai lim 4 + an lim 4 where each limit is zero (from Exercise 19). Therefore, lim p< . x) = 0 

X—>OO e X—>OO e X —> OO e 

=> e x grows faster than any polynomial. 

21. (a) lim - lim x “ 4' = (1) lim x 1//n — oo =>■ ln x = o (x 1 / 11 ) for any positive integer n 

X—> OO lnx X —» OO n(¿) X n / x —> OO 4 > J r ° 

/ K \ 1 / 10 6 

(b) ln (e 17 '°00,000) = i 7- 000,000 < (e 17xl ° J = e 17 « 24,154,952.75 

(c) x« 3.430631121 x 10 15 

(d) ln the interval [3.41 x 10 15 ,3.45 x 10 15 ] we have o. 

ln x = 10 ln (ln x). The graphs cross at about 0 • 

3.4306311 x 10 15 . 

-0. 

- 0 . 

- 0 . 



22 . 


lim _ la*_ 

X —» OO a n x n + a n -ix n 1 + ... + aix + a 0 


lim 


lim 


l/x 


lim 




= lim , n\ 

X —> OO ( a n) ( nx ) 


= 0 


ln x grows slower than any non-constant polynomial (n > 1) 


23. (a) lim 

n —> OO n (log 2 n) 


= n H m oo = 0 =* 11l0 § 2 11 g r0Wá3) 


slower than n (log? n) 2 ; lim 11 Ma” ~ 

° / n —> oo n J - - 


= lim 

n —> oo 


(Mi 

n 1 / 2 


— J_ lirr, _W_ 

- ln 2 n ^OO (!) n_1 / 2 


= r=_ lim 

ln 2 n —> oo n ' 


= 0 


=> n log 2 n grows slower than n :i/2 . Therefore, n log 2 n 
grows at the slowest rate =>• the algorithm that takes 
0(n log 2 n) steps is the most efficient in the long run. 


y 



24. (a) 


lim íFlü4 = lim = i im 

n —> oo n n —> oo n n —> oo 

2(lnn)(' 4 ') - , „ 

= lim A ' — tt-Tíw lim — 

n —y OO ( ln 2 ) dn 2) 2 n —y oq n 


(ln n) 2 
n(ln 2) 2 


= (OF n MV) i = 0 ^ ( lo §2 n A S rows slower 

than n; lim -dspA = i im Ap 
n —> oo v n *°§2 n n —» oo v n 


= lim 

n ^ oo 



i 

ln 2 


lim 

n —► oo 


ln n 

n 1 / 2 


(b) 


y 



= iM x li^oo (I)n- 1 A = i¡T 2 n M 2 = 0 6 °g 2 n) 2 grows slower than i/ñ log 2 n. Therefore (log 2 n) 2 grows 

at the slowest rate =y the algorithm that takes O ((log 2 n) 2 ) steps is the most efficient in the long run. 
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25. It could take one million steps for a sequential search, but at most 20 steps for a binary search because 
2 19 = 524,288 < 1,000,000 < 1,048,576 = 2 20 . 

26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because 
2 18 = 262,144 < 450,000 < 524,288 = 2 19 . 


CHAPTER 7 PRACTICE EXERCISES 


1. y = 10e~ x/5 =*> g = (10) (- i) e^ 5 = -2e,-^ 5 


2. y = v / 2e' /2x dy 


dx 


(Vi) (Vi) 


■ _ 


3. y = i xe 4x 4e 4x ^|^[x (4e 4x ) + e 4x (l)] - ^ (4e 4x ) = xe 4x + \ e 4: 


- e = xe 


4. y = x 2 e 2/x = x 2 e 2x 1 => ^ = x 2 [(2x 2 ) e 2x '] + e 2x '(2x) = (2 + 2x)e 2x 1 = 2e 2/x (l + x) 


5. y = ln (sin 2 9) => % = 2(sin J^° s e) = ^ = 2 cot 9 


sin 6 


6. y = ln (sec 2 6) => % = 2(sec tan = 2 tan g 


7- y = iog 2 (f) = '4vr 


dy _ J_ x _ 2 

dx ln 2 ( x£ \ (ln 2)x 


8. y = log 5 (3x - 7) = 


ln 5 


dx 


= (£) (¿7) = 


(ln 5)(3x—7) 


9 . y = 8-' => = 8 ‘(ln 8)(—1) = —8 '(ln 8) 


10. y = 9 2 ' => ^ = 9 2t (ln 9)(2) = 9 2, (2 ln 9) 


11. y = 5x 36 => g = 5(3.6)x 26 = 18x 26 


12. y = 1 / 2 x^ g = (v^) x(-^-') = —2 x( _ ' /2_1 ) 

13. y = (x + 2) x+2 => lny = ln(x + 2) x+2 = (x + 2) ln(x + 2) =► y j = (x + 2) + (1) ln(x + 2) 

=► | =(x + 2) x+2 [ln(x + 2) + l] 


14. y = 2(ln x) x/2 =» ln y = ln [2(ln x) x ' 2 ] = ln(2) + (|) ln(ln x) =► ¿=0+(|) + (ln (ln x)) Q) 

y' = [ 21 b + ( 2 ) ^(ln x)] 2 (ln x) x / 2 = (ln x) x ^ 2 [ln (ln x) + 


js ,, — oj n -i - !\ — u 2 — nn -1 (l — u 2 ) 1 ^ 2 - k - dy — 2(1 u_) ( 2u) — ~ u — -» 

15. y-sin VI u -sin (i u) =* du - ~ ~ ÑVw 

-U _ -1 


, 0 < u < 1 


uy /1 — u 2 y/l —u 

16. y = sin^ 1 (^) = sin- 1 y 1 / 2 =* | = ~r 


- I V-3/2 


-1 


-1 


-\A _ -1 


. (- v - 1 / 2 y 2 2v 3 / 2 y/l — v _1 2v 3 / 2 2 v 3 / 2 -\/v — 1 2vy/v — 1 


17. y = ln (eos 1 x) 


y / _ \ Vi ~ X 2 7 

^ eos -1 X 




x z eos 1 X 


2e' 2x 


Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley. 




448 Chapter 7 Transcendental Functions 


18. y = z eos 1 z — -y /1 — z 2 = z eos 1 z —( 1 —z 2 ) 1 ^ 2 — 1 ” z ni ("i -. 2 ', V-/ 


=>■ -T- — eos z 

dz 


yrh - ® O - zT‘"(- 2 z> 


= eos z 


+ ■ 


= eos z 


19. y = t tan 1 1 — (|) ln t => i = tan 1 1 +t - (|) (i) = tan 1 1 + ¿ 

20 . y = (1 + t 2 ) cot -1 2 t =4* %=2i cor 1 2 t + (1 + t 2 ) (J . ) 

21 . y = z sec ' 1 z — \/z 2 — 1 = z sec ' 1 z — (z 2 — l ) 1 ^ 2 => ^ = z ^ — y 2 i ^ + (sec -1 z) ( 1 ) — 1 (z 2 — 1 ) X ^ 2 ( 2 z) 


+ sec 1 z = -4—— + sec 1 z, z > 1 


|z| Vz 2 - 1 7z 2 - 

22 . y = 2 -y/x — 1 sec -1 yTt = 2 (x — l ) 1 / 2 sec -1 (x 1 / 2 ) 

=> g =2 (i) (x — l ) -1 / 2 sec " 1 (x 1 / 2 ) + (x — l ) 1 / 2 




- 1/2 


= 2 


( sec 1 v /x j\ 

\ 2\/x — 1 2x y 


x i j_ \ _ sec yx l 
2x / ' 7 - 


23. y = CSC- 1 (sec 0) => % = -sec Atan 9 


tan 0 


|sec 0| \/sec 2 9 - 1 l tan 

24. y = (1 + x 2 ) e tan lx =4> y' = 2xe tan_lx + (1 + x 2 ) (j^t) 


=— 1,0 < 0 < ? 


25. y = 2( , x2 + ‘ ) 

y eos 2x 


111 y = ln = ln ^ 2) + ln ( x2 + !) - \ ln ( cos 2 x) => ¿ = 0 + - (i) 

y' = (Jh + tan 2x ) y = (^T+ tan 2x ) 


1 ^ (—2 sin 2x) 
eos 2x 


,r _ io/3x + 4 

¿b - y - v 2rrt 


!n y = !n 1 [ln (3x + 4) - ln(2x - 4)] => £ = i - ¿ 4 ) 


.,/ _ J_ /_3_L1 v — ío/iT+T / n /_3_ 

/ — 10 V 3x + 4 x-2) y — Y 2x-4 WOl V3x + 4 x-2/ 


27. y = 


(t+ixt-i) 
(t — 2 )(t + 3 ) 


ln y = 5 [ln(t + l) + ln(t- 1) - ln(t - 2) - ln(t + 3)] 


= 5 (-L. + _J_1_Ll ^ dy = 5 

J Vt+1 ' t — 1 t — 2 t + 3 / ^ dt J 


(t+IXt-l) 
(t — 2 )(t + 3 ) 


l 5 


(t+T 


1 

1 

_ 1 1 

t-1 

t — 2 

t + 3 / 


28. y = 


2u2“ 

\/u 2 + l 
dy _ 2u2 u 


ln y = ln 2 + ln u + u ln 2 — i ln (u 2 + 1 ) =* (i) fe) = * + ln 2 - ¡ (^) 


x dy _ 2u2 u /1 I l n 2_ 

^ du- v ^lU +inZ u 2 + l/> 

29. y = (sin 9)^ 


=> I = ( sin 


=> ln y = \¡~9 ln (sin 9) => 

0)^(y0cot0+!=g^l) 


'l) = V / ^(lf|) + ^- 1 / 2 ln(sin0) 


30. y = (lnx) 1 / lnx => ln y = (¿) ln(ln x) ^ ¿ = (¿) (£) 0 + ln(ln x) \^\ (i) 
=4> y' = (ln x) 1/,ln 


1 - ln (ln x) 
x(ln x) 2 


31. J e x sin (e x ) dx — f sin u du, where u = e x and du = e x dx 
= — eos u + C = — eos (e x ) + C 
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32. J e' eos (3e‘ — 2) dt = | f eos u du, where u = 3e l — 2 and du = 3e* dt 

= j sin u + C = | sin (3e f — 2) + C 

33. f e x sec 2 (e x — 7) dx = J sec 2 u du, where u = e x — 7 and du = e x dx 

= tan u + C = tan (e x — 7) + C 

34. / e y esc (e y + 1) cot (e y + 1) dy = J esc u cot u du, where u = e y + 1 and du = e y dy 

= — esc u + C = — esc (e y + 1) + C 

35. J (sec 2 x) e tanx dx = J e u du, where u = tan x and du = sec 2 x dx 

= e u + C = e tanx + C 

36. J (esc 2 x) e cotx dx = — J e“ du, where u = cot x and du = — esc 2 x dx 

= -e u + C = —e cotx + C 

37. J ; 3^4 dx = | J j du, where u = 3x — 4, du = 3 dx; x = — 1 =>■ u = —7, x = 1 => u = — 1 

= i[ln|u|]:J= | [ln |-1| — ln |-7|] = ¡ [0 - ln 7] = - ^ 

38. f dx = f u 1 / 2 du, where u = ln x, du = - dx; x = 1 =>■ u = 0, x = e =>■ u = 1 

J 1 X Jo X 

= [| u 3 / 2 ] ; = [| 1 3/2 - I O 3 / 2 ] = | 

39 - fo tan (f) dx = fo dx = - 3 J1 ' U du ’ where u = cos (f), du = - 5 Sin (f) dx; x = 0 => u = 1 , x = tt 

=> u = i 

= —3 [ln |u|]{ /2 = -3 [ln |±| - ln |1|] = -3 ln \ = ln 2 3 = ln 8 

f* y /4 o 1/4 

40. 2 cot 7TX dx = 2 <7^ dx 

J 1/6 J 1/6 Sin7TX 

= i = = [ln [^ 

41. f t2 2 ‘ dt = f - du, where u = t 2 — 25, du = 2t dt; t = 0 => u = —25, t = 4 => u = — 9 

Jo t'-25 J -25 u 

= [ln |u|] ~25 = ln | —9| — ln |—25| = ln 9 - ln 25 = ln ¿ 

/ tt/6 n 1/2 

dt = - 1 du, where u = 1 - sin t, du = - cos t dt; t = -% => u = 2, t = f => u = \ 

= — [ln |u|] l [ l = — [ln | i | — ln |2|] = — ln 1 + ln 2 + ln 2 = 2 ln 2 = ln 4 

43. f dv = f tan u du = í ^ du, where u = ln v and du = 1 dv 

= — ln |cos u| + C = — ln |cos (ln v)| + C 

44. I —¡1— dv — / 1 du, where u = ln v and du = - dv 

J v ln v J u 7 v 

= ln ¡u| + C = ln [ln v| + C 


- du, where u = sin 7rx, du = 7r cos 7rx dx; x = 


=> u = 


=> u = 


-l] = I [Inl-iln2 — lnl+ln2] [iln2] 
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45 f (inx) 3 c | x _ f u -3 ,j u w | lere u = ln x and du — 1 dx 

J X J 7 X 

— H“ C = — ^ (ln x) 2 + C 

46. J' ln ^ x _~ 5) dx — f u du, where u = ln (x — 5) and du = ^ dx 

= f + c = [ln(x ~ 5)]2 +C 

47. J 1 esc 2 (1 + ln r) dr = J esc 2 u du, where u = 1 + ln r and du = ^ dr 

= — cot u H - C = — cot (1 + ln r) + C 


48. J cos(1 v lnv) dv = — f eos u du, where u = 1 — ln v and du = — i dv 
= — sin u + C = — sin (1 — ln v) + C 


49. j x3 x ~ dx = J 3 U du, where u = x 2 and du = 2x dx 


2 ln 3 


(3 U )+C=^(V)+C 


50 




s sec 2 x dx = J 2 U du, where u = tan x and du = sec 2 x dx 
= J- f2 u l + C = ^ + C 

ln 2 ~ ^ ln 2 ^ ^ 


51 


. £ l dx = 3 £ i dx = 3 [ln |x|] ¡ = 3 (ln 7 - ln 1) = 3 ln 7 


52. dx = i dx = i [ln |x|] f = ± (ln 32 - ln 1) = i ln 32 = ln (02) = ln 2 

53 - //(f+ ¿) dx = + i) dx = \ [| x2 + ln l x l]J = ¡ [(¥+ ln4 ) - (l+ ln1 )] = lf + 5 

= ±§+lny/4= jf+ln2 


54- £ d ~ $) dx = § £ (i - 12x- 2 ) dx = | [ln |x| + 12X’ 1 ] ¡ = ¡ [(ln 8 + £) - (ln 1 + 12)] 

= | (ln 8 + | - 12) = | (ln 8 - f) = f (ln 8) - 7 = ln (8 2 / 3 ) - 7 = ln 4 - 7 

55. J e~( x+1 ^ dx = - e u du, where u = — (x + 1), du = — dx; x = — 2 => u = 1, x = — 1 =>■ u 
= — [e 11 ] J = — (e° — e 1 ) = e — 1 

X 0 nO 

e 2w dw = ^ I, e u du, where u — 2w, du = 2 dw; w = ln 2 => u = ln 7, w = 0 =4> u 

- In2 2 J ln(1/4) 4’ 


pln5 o /o /*16 

57. J e r (3e r + 1) _ ' ¿ dr = | J 4 u -3 ' 2 du, where u = 3e r + 1, du = 3e r dr; r = 0 => u = 4, r = ln 5 

= - 1 [*- 1/2 ] “ = - ! ( 16 ' 1/2 - 4 ' 1/2 ) = (- i) (?-s) = (- 1) (- i) = * 

58. ££ e" (e" - 1) 1/2 dé» = £ u 1 / 2 du, where u = e" - 1, du = e e dé»; 6» = 0 =>• u = 0, é» = ln 9 =» u 

= | [u 3 / 2 ] l = | (8 3 / 2 - O 3 / 2 ) = | (2 9 / 2 - 0) = ^ ^ 


ln 4 


0 


0 


=> u 


= 8 
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59. J i (1 + 7 ln x) 1 / 3 dx = l¡ J* u 1 / 3 du, where u = 1 + 7 ln x, du = 2 - dx, x = 1 => u = 1 , x = e =>• u = 8 

= Á [- 2/3 ] i = Á (8 2/3 - 1 2/3 ) = (Á) (4 - 1) = ^ 

60. f — j— dx — f (ln x ) -1 / 2 - dx — í u -1 / 2 du, where u = ln x, du = - dx; x = e => u = 1 , x = e 2 => u = 2 

Je x\/ln X Je V X Jl X 

= 2 [u 1 / 2 ] l = 2 (V 2 - l) = 2\¡2 - 2 

6 L £ [ln( v v +£ dv = £ [ln(v + l )] 2 dv = f'^u 2 du, where u = ln(v + 1 ), du = v j, dv; 

v = 1 => u = ln 2, v = 3 => u = ln4; 

= I [u 3 ]¡:: = | [dn 4 ) 3 - (ln 2) 3 ] = 1 [(2 ln 2 ) 3 - (ln 2) 3 ] = (8 - 1) = ¡ (ln 2 ) 3 

r* 4 r» 4 r»41n4 

62. (1 + ln t)(t ln t) dt = (t ln t)(l + ln t) dt = J 2l 2 u du, where u = t ln t, du = ((t) (i) + (ln t)(l)) dt 

= (1 + ln t) dt; t = 2 =>• u = 2 ln 2, t = 4 
=>■ u = 4 ln 4 

= ¡ [u 2 ] = \ [(4 ln 4 ) 2 - (2 ln 2) 2 ] = \ [(8 ln 2 ) 2 - (2 ln 2) 2 ] = (16 - 1 ) = 30 (ln 2 ) 2 

63. J i d6 = (ln 9) (|) dd — ^ u du, where u = ln 9, du = | d 9, 9 = 1 => u = 0, 0 = 8 => u = ln 8 

_ 1 r,,2l lnS _ 1 ín„ ox2 r>21 _ (31n2) 2 _ 9 ln 2 

— 2TÍT4 L u Jo - ÍS16 [ (ln “ U J - ~TWT - — 

64. £ 8(ln 3)(log 3 9) áQ = £ S(1 n 3)(ln 9) dg = g £ ( j n d0 = 8 £ u dU; where u = ln 9, du = \ d <9; 

9—1 => u = 0, 9 = e => u = 1 

= 4 [u 2 ] ¿ = 4 (l 2 — O 2 ) =4 


6 ^ f 3 4 6 d v — 3 i * 2 d v — 3 f 

03 ' J 3/4 , 73T7 ax ~ ó J 3/4 x/3^ - ,2x)-’ ax ~ Ó J 


3/4 


'-3/4 y/9 - 4x 2 


-3/4 y/3 2 - (2x) 2 


í>3/ 2 : 

( -3/2 y/3 2 — u 2 


du, where u = 2 x, du = 2 dx; 


X = — | => u = — | , X = J => u = | 


= 3 [ Sin 1 (5)] -3/2 = 3 [ Sin 1 Q) - Sin 1 (- 5)] = 3 [| - (- i)] = 3 (!) = ^ 


66 . f 


1 /s , , ri/s 

6 dx =fJ_ 


dx = § 




f 1 -7-—■ du, where u = 5x, du = 5 dx; 

5 J-l y/2 2 — u 2 

X = — i => U = —1, X = i => U = 1 


1/5 y/4 - 25x 2 5 j 1/5 y/2 2 - (5x) 2 

= I H" 1 (i)] -r = I [-n- 1 (i) - sin” 1 (- *)] = f [f - (- |)] = f (f) = 

2y/3 


2 tt 

5 


67 - L 4T3F 41 = 73 L 41 = 73 j ^ ^ 


= V^[jtan 


tan 


1 ( 75 ) 


pr du, where u = \/3t, du = \f2> dt; 

t = —2 => u = —2y^3, t = 2 =>■ u = 2^/?> 


tan 


_ y/3 r n f 7r\l n 

— 2 L3 V 3 J J — yj 


«• E a*-/. 


^( 73 ) 


dt = 


73 tan ^ (73)]^ = 71 ( tan_1 ^ - lan_1 i) = 73 (I - !) = # 


69. 


• / dy = / ( 2 y)y/( 2 y ) 2 — 1 dy = .! 777TT du, Whereu = 2y and du = 2 dy 


= sec 1 |u| + C = sec 1 |2y| + C 
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24 


dy = 24 / „ d y = 24 G sec 1 III) + C = 6sec 1 III + c 


'0/3 \y\sJW 


dy=f 


dy = f _-4-— du, where u = 3y, du = 3 dy; 


0/3 |3y¡ 7(3y) 2 - 1 y J 0 | u j 7u 2 - 1 


[sec 1 u] / = sec 1 2 — sec 1 y/2 = f — f — 


y = ^ =^u=y/2,y=l =► u = 2 


"- 0/0 


dy = f_ 


- 0/0 

- 2/0 


- , ^ -- dy = f - i —i-j du, 

-v^(^y) -//) J 2 -u^u 2 -(x/3) 

where u = -/5y> du = a/ 5 dy; y = - =>■ u = - 2 , y = — ^ =>• u = - a/ó 


1 (¡-«-l U 

vT sec yj 


-2 V7 


1 [cpp-l ,/? _ cpp-1 2 1 — —1 /7T 7T3 — —1 f 37T 2 tt] _ -n- _ - V^r 

3 [sec sec y3_| - v/3V4 el-yjLn 12J “ 12^/3 “ 36 


73. f , 1 dx = f , 1 dx = f , 1 dx = f , 1 du, where u = x + 1 and 

J \/ —2x — x 2 J v/l - (x 2 +2x4- 1) J v/l-(x+l) 2 J vd -u 2 


du = dx 


= sin 1 u + C = sin 1 (x + 1) + C 


~ dx ~ J 73 =^ 


— (x 2 — 4x + 4) 


'(vT) 2 -(x-2)2 


where u = x — 2 and du = dx 


fe)+C = sin- 1 (^) + c 


75. f 


-2 0+Í+5 dv = 2 5 2 1 + (v 2 + 4v + 4) dv = 2 L 1 + (v + 2) 2 dv = 2 /o r+u 2 du > 

where u = v + 2 , du = dv; v = —2 => u = 0 , v = — 1 => u = 1 
= 2 [tan -1 u] q = 2 (tan -1 1 — tan -1 0 ) = 2 (| — 0 ) = | 


dv = 7 


dv = 4 


-i 4v 2 +4v + 4 uv 4 3 + (' v 2 +v+ l'j 4 J_ 


+ív+4 


y - 4 J_ 1/2 7y7 


where u = v + |, du = dv; v = — 1 =>• u = — y, v = 1 =>■ u = 2 


= I [75 tan_1 fe)] Z ,2 = ^ K 1 V^3 - tan -1 (- ^)] = 4 [f - (- f)] = 4 (f + I) = 4 ■ 


(t+l)7t 2 +2t-¡ 


dt / (t+W(t 2 + 2t+l)-9 dt f (t+l)7(t+l) 2 -3 2 dt 


f wü h* du 


where u — t + I and du = dt 


78. / 


= i sec 1 141 + C = i sec 1 | ^ | + C 


dt f (3t+i)7(9t 2 + 6t+1) — 1 dt 


= | sec 1 |u| + C = i sec 1 |3t + 1| + C 


érw^ dt =lf whí du 


(31+1)031+1)2-12 3 J uTuíTT 

where u = 3t + 1 and du = 3 dt 


79. 3 y = 2 y+1 =>• ln 3 y = In 2 y+1 =4> y(ln 3) = (y + 1) ln 2 => (ln 3 - ln 2)y = ln 2 => (ln §) y = ln 2 => y = 
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80. 4“ y = 3 y+2 => ln 4~ y = ln 3 y+2 => -y ln 4 = (y + 2) ln 3 -2 ln 3 = (ln 3 + ln 4)y => (ln 12)y = -2 ln 3 


=¡f. V = — 

^ y ln 12 


81. 9e 2y = x 2 => e 2y = ^ =>• ln e 2y = ln => 2y(ln e) = ln (j-J => y = \ ln 

82. 3 y = 3 ln x =>■ ln 3 y = ln (3 ln x) => y ln 3 = ln (3 ln x) => y = ln(31nx) - ln3 + ln(lnx) 


ir I = ln \!\ = ln 11 | = ln |) 


ln 3 


ln 3 


83. ln(y — 1) = x + ln y =>■ e ln ( y ^ = e^ x+lny ) = e x e lny =>■ y — 1 = ye x =$■ y — ye x = l=>y(l — e x ) = l=>y=-¡+ 


84. ln (10 ln y) = ln 5x => e ln ( I01ny ) = e ln5x => 101ny = 5x => ln y = | => e lny = e x / 2 =>■ y = e x / 2 


85. lim 

X -> 1 


X- + 3x - 4 
x - 1 


= lim 2x + 3 = 5 

x-tl 1 


x-241 W ~ x 1 " 11 ! bx»-i - 5 


86 . lim V 4 = li m 

' X D —1 


87. lim tnn_x __ tan_ 7 r __ Q 
x —> 7 r x 7 T 


88 . lim = lim 


i _ i 


q x + sin x x _ > q 1 + eos x 1 + 1 2 


89. lim 


S1, r x = Hm 2 sinx ; cos x = j im ™( 2 ») = l im 


2 cos( 2 x) 


q tan(x 2 ) x _> q 2 xsec 2 (x 2 ) x _ 2 xsec 2 (x 2 ) x _ 2 x ( 2 sec 2 (x 2 )tan(x 2 )- 2 x) + 2 sec 2 (x 2 ) 0 + 2-1 


= i 


90. lim 


= lim 


l • / \ — lllll / 

q sin(nx) x _> q ncos(: 


nx) n 


91. lim sec(7x)cos(3x) = lim cos +j = li 

x -> tt/ 9- 32 32 x ^ ■w/)- cos ( 7x ) 


X —> 7t/2 


X 7r/2 


lim 


—3sin(3x) 3 


X ^ tt/ 2- - 7s “( 7x ) 7 


92. lim a/x sec x = lim ? = 0 


• 0 + 


0 + 


eos x 1 


93. lim (esc x — cot x) = lim 


1 — eos X 


x —’ 0 


x —> 0 


= lim ^ = 2=0 

x _> q eos x 1 


94. lim (ár-s:4) = lim ( 1 , x " ) = lim (1 — x 2 ) • \ — lim (1 — x 2 ) = lim ¿ = 1 • oo = 

x_o Vx x ' x ^ 0 V x / x-^0 3 ’ x x^-0 3 2 x—»0 X 


95. lim ( \J x 2 + x + 1 

x —> OO \ v 

2 x + 1 


\/x 2 — x^j = x lim^ ^ \¡ x 2 4 - x 4 ” 1 — +x 2 — x^j 


x/x 2 + x + l+\/x 2 - x 
x/x 2 + x + 1 + x/x 2 — x 


= lim —. - . — 

x —» 00 x /x 2 +x + l + v'x 2 -x 

Notice that x = y/x 2 for x > 0 so this is equivalent to 

2 + \ 


2x+ 1 

= lim — =s— 4 —7 

x ^°° 


= lim 


xf-x X —> OO 


71+3/1 


= i 


96. lim 

X — ' oo 


( X 3 _ X 3 \ 

\x 2 - 1 x2 + V 


= lim = lim 2x3 


ni —t o— ¡i¡ ¡¡ . — — mil -r —t = lim = lim 

■ OO (x 2 — l)(x 2 + 1) x —> oo x 4 1 X^OO 4x j X —> OO 12x 2 


= lim +- = lim i = 0 

x —> oo 24x x —> oo 2x 


97. The limit leads to the indeterminate form K: lim 

0 x^-O 


10 x — 1 


= lim 


(ln 10)10 x 


X -> O 1 


= ln 10 


98. The limit leads to the indeterminate form ?: lim + 1 — lim (ln + = ln 3 

0 e -*• o 6 


lllll - 7~ 

9 -* O 1 


99. The limit leads to the indeterminate form 5: lim 

0 x^O 


2 smx - 1 
e x — 1 


= lim 

x -> O 


2 smx (ln 2)(cos x) _ 


= ln2 


| — ln 3 
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100. The limit leads to the indeterminate form ?: lim 3 “° X . 1 = lim - - (ln ^ coh x) = ln 2 

0 x^O eX -> x^O e 


101. The limit leads to the indeterminate form lim 5 ~ 5co<i ? = lim 5#^= lim = 5 


x^O 


102. The limit leads to the indeterminate form ^: lim x sin x — ü m 

0 x^O tanx x^O 


Y 1 11111 Y I _ 

1 x^o e " 1 x-»0 

2 x 2 eos x 2 + sin x 2 


3tan 2 x sec 2 x 


= lim 

x —> 0 


2x ¿ eos x z + sin x z 
3tan 4 x + 3tan 2 x 


= lim 


6 x eos x 2 — 4x 3 sin x 2 


x ilUi Q 12tan 3 xsec 2 x + 6 tanxsec 2 x x 12tan 5 x+18tan 3 x + 6 tanx x a ^ A q 60tan 4 x sec 2 x + 54tan 2 x sec 2 x + 6 sec 2 x 6 


6 x eos x 2 — 4x 3 sin x 2 _ 1 ; w (6 — 8 x 4 ) eos x 2 — 24x 2 sin x 2 

i i „ - mil a „—7„ i </l«.„„2„ i 


= l = i 


103. The limit leads to the indeterminate form lim 

0 t -> 0 + 


t — ln (1 + 2 t) _ 


= lim 

t^ 0 + 


= —oo 


104. The limit leads to the indeterminate form 5: lim = lim ^( sin ^)(cos nx) 

0 x ^4 e x 4 + 3 — x _ ¥ 4 e x 4 - 1 

= lim EfLÍ 3 ^ = lim 3 ^ c ° s ! 2 " x) = 2 tt 2 
x->4 ^ - 1 x->4 e 


105. The limit leads to the indeterminate form (|: lim 

0 t —> 0 + 


( e j ~ 0 = lim f = lim f = 1 

V 1 t^ 0 + V 1 ) t ^ 0 + 1 


106. The limit leads to the indeterminate form —: lim e ! / y ln y = lim 2 LX = lim 

no _L_ J ^ _L oV 1 ^ 


= lim 

y -* 0 + 




o+ 


0 + 


g+ -e? ‘(y 


= 0 


107. Let f(x) = (gr 3 j) lnx => ln f(x) = lnxln (^z|) => x lim o ln f(x) = x lhn^ lnxln ; this is limit is cuirently of 

the form 0 • oo. Before we put in one of the indeterminate forms, we rewrite = ^/2 + e e ~!p. — coth(|); the limit is 


lim lnxln coth(f) = lim lncoth ( 2 ) . t | le |¡ m jt leads to the indeterminate form Q; lim ln< '° 1 ttl 

—> OO \ 2 / X —> OO U X —> OO t4- 


ln coth (| 


/■ 


= lim 

X —> 00 


(- 1 ) 


i) 

(lux) 2 Vx/ 


= lim 


V 

= lim ( 21nx + d nx ) 'j — n m 

x —> OO V coshx J x —> oo 


( x(lnx ) 2 \ ,■ ( x(lnx) 2 \ .• ( 2 x(lnx) ( 1 ) + (lnx ) 2 \ 

x^Too \ 2 sinh(|) cosh(|) ) x —> oo \ sinhx J x —> oo \ coshx J 


í m±2pm. ) = i im (2+_2hix) _ lim /_ 

\ sinh x J x — » oo V x sinh x / x — > oo \ x 


cosh x + sinh x 


= lim (- 2 —t) = 0 => lim ( e : + ! ) nx = lim e lnf(x) = e° = 1 

x —> oo V x z cosh x + x sinh x / x->oo \e x -l/ x —> oo 


108. Let f(x) = (l +-) x => ln f(x) = x ln (1 + -) =>• lim ln f(x) = lim ln ^ 1x ^ ; the limit leads to the 

v x/ v x/ x^ 0 + x^ 0 + x 


indeterminate form —: lim 


r -3x~ 4 
U + 3x- 


• 0 + 


= lim = 0 => lim (l + -) x = lim e lnf(x) = e° = 1 

x^0+ x + 3 x —> 0 + ' xJ x-^0+ 


109. (a) lim = lim 

X OO log3 X X —» OO ( jnx ) 

(b) lim 

x y y —^ r 


( — I 

li — llin )!° 2 ( = lim r 2 ! = => same rate 

OO log3 X x — i OO [ líLí i X —100 ln 2 ln 2 


(d) lim 

x ' y —» nc 


x+( 

I) 

(lio) 


xe -x 


X 


tan " 1 

x — 

CSC -1 

X _ 


lim -4—r = lim i 5 = lim 1 = 1 =>■ same rate 

X —> OO X z +1 X —> OO 2x X —> OO 


m ^ = lim 3 *= = 
> oo 100x x —> oo 100 


xe x 
100 ? 

faster 


oo 

oo => faster 


► oo 


* oo 


= lim 

x —> oo 


— X -2 


= lim 

X —> 00 




■ = !=>• same rate 
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(f) lim ^in|x = H i : lim 

v ' y —^ P x v ^ 9 p x v ^ /- 


(e x —e 


11111 v - 11111 o V - 11111 n 

x^oo e* x — > OO 2e* X —> OO 2 


same rate 


110 . (a) lim = lim (f) x = 0 => slower 

X —> OO 2 x X^oo U/ 

(b) lim = lim ln , 2 .. + ln . x = i„u 

v 7 x —> oo ln x 2 x —> 00 2 (ln x) x —> oo 


= lim (+=- + ¡j) = 
x —^ 00 V21nx 2/ 


same rate 


= lim “xi_f4x = lim 60x±4 = lim 62 = o => slower 


(c) lim 

v 7 x —> oo e- 

(d) lim ^ 4 ^= lim !£LIliLIl = lim 

v 7 X —> OO 1 X —> (50 x 1 X —> O 


tan' 



~~i 


) 


x —* oo e A x —> oo e A x —> oo e J 

-if v -i 


_ l+x J — lim —V = 1 => same rate 

x —> OO -X x —> 00 1+4 


(e) lim 


= lim 


X —1 00 í jri X —>00 X 


lim iZEE) 

X —» 00 -2x 0 


= lim 


= 00 => faster 


(f) lim 5 ccm = iim vi±f 

v ' x —> 00 <5 x —> 00 e 


X - VOC 2 ^^ 

= X 'i m oc e-x (e x 2 + e-x) = x '4+ (üT*0 = 2 =► same rate 


111 . (a) 

(b) 


? + ?) 


= 1 + 7y < 2 for x sufficiently large => true 


(4+ 1 ) 

4 1 A = x 2 + 1 > M for any positive integer M whenever x > \/M => false 


(c) lim —-— = lim —-T- — I => ihe same growth rate false 

v X —>00 x + lnx X — ool + i ° 

= lim + = O =>• grows slower => true 

X —> 00 ln x ° 


(d) lim lífüiü = lim 
v 7 x —> oo lnx x —> oo 


(e) 

(f) 


tan 1 1 x < | for all x => true 

++ = i (1 +e- 2x ) < 1(1 + 1 ) = 1 ifx > O 


true 


112 . (a) 


(?) 

¿ + ir) 


< 1 if x > O => true 


(b) lim , . = lim (+-t) = O => true 

v ' x^oojjj. + Jjl x ^ oo VX 2 +1 ) 


(c) lim -+l = lim = o => trae 

v 7 X — > OO X + 1 X — > OO ' 

(d) !f 2 x = in 2 + 1<1 + 1= 2ifx>2=í> trae 

v 7 ln x ln x — — 


(e) 


df 

dx 


ix _ C0S 1 (*) < ííl = | if x > 1 ^ true 


1 — 1 

nh x _ 1^ 

e x ~ 2 


— e 

O 

A 

X 

4-h 

’—11 c-q 

VI 

=> trae 







( df- 1 

- 1 

— / 

' df- 1 

) 


1 

i 

_ i 

dx 

/ x = f(In2) (|) x 

= ln2 

^ dx 

/ x = f(ln2) 


(e x + l) x =] n2 

2+1 

— 3 

: 1 + 

i =► i=y-l 

X X J 

=> X = 

1 

' y-i 

=> f" 1 

(x) 

= -+;f- 

X— 1 ’ 

'HfW) 

= ( 

1 


- Y- drl 


_ -1 


-1 


_„2. 

(¿T 

J — 1 1 V a l ) - 

- x ’ “d? 

f(x) 

(x-l) 1 

f(x) 

[Ax) 


A . 


O+O - 1 


f'w = - ¿ => t 


f(x) 


1 

f'(x) 


= x and 
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115. y = x ln 2x - x => y' = x (p) + ln(2x) - 1 = ln 2x; 

solving y' — 0 =>■ x = |; y' > 0 for x > | and y' < 0 for 
x < i =>• relative mínimum of — \ at x = i ; f (^) = — j 
and f (|) =0 =>■ absolute mínimum is — \ at x = | and 
the absolute máximum is 0 at x = | 


y 



116. y = 10x(2 - ln x) => y' = 10(2 - ln x) - lOx Q) 

= 20 — 10 ln x — 10 = 10(1 — ln x); solving y' = 0 
=> x = e; y' < 0 for x > e and y' > 0 for x < e 
=> relative máximum at x = e of lOe; y > 0 on (0, e 2 ] and 
y (e 2 ) = 10 e 2 (2 — 2 ln e) = 0 => absolute mínimum is 0 
at x = e 2 and the absolute máximum is lOe at x = e 


y 



117. A = f° dx = £ 2u du = [u 2 ] ¿ 


1 , whereu = ln x and du = i dx; x = 1 => u = 0 , x = e => u=l 


118. (a) Ai 
(b) A x 


n20 n 2 

J io j dx = [ln |x|] = ln 20 — ln 10 = ln p = ln 2 , and A 2 = J ¡ j dx = [ln |x |] 2 = ln 2 — ln 1 = ln 2 

pkb r*b 

J k j dx = [ln |x|] “ = ln kb — ln ka = ln = ln £ = ln b — ln a, and A 2 — J £ dx = [ln |x|] ^ = ln b — ln a 


119. y = lnx 


dy _ 1 . dy _ dy dx 
dx x ’ dt dx dt 


dy 

dt 


\ x/ V 


1 




= - m/sec 

e 


120. y = 9e - x/3 


dy _ _a^-x/3. dx _ 

dx — ’ Ht — 


(dy/dt) 

(dy/dx) 


dx _ R)^ . :: _n 

dt — -3e-*/ 3 ’ A — y 


dx 

dt x=9 


. i) 

A) ? 


1 « 5 ft/sec 


— Qo-3 


y = 9e 


121. A = xy = xe x2 =>■ P = e x2 + (x)(—2x)e x2 = e x2 (1 — 2x 2 ). Solving p = 0 => 1 — 2x 2 = 0 

=> x = -U ; P < 0 for x > 4- and P> 0 for 0 <x<P => absolute máximum of -4- e -1 / 2 = — at 

V2 dx V2 dx V2 v2 y2e 

x — —r= units long by y = e ^ 1 / 2 = -4- units high. 

1/2 v e 


122 . 


A = xy = x (P) = => p = i - P = pp . Solving P = 0 =í> 1 - ln x = 0 => x = e; 

P < 0 for x > e and p > 0 for x < e =>• absolute máximum of p = Pit x = e units long and y = 4 units high. 


123. (a) 


v _ ln x x v / _ 1 _ ln x _ 2 — ln x 

y y/x y Xy/x 2x 3 / 2 2xy^ 

=> y" = - | x - 5 / 2 (2 - ln x) - \ x ~ 5 / 2 = x -s/2 (| l n x _ 2 ) ; 
solving y' = 0 =^lnx = 2 =^x = e 2 ;y' < 0 for x > e 2 and 
and y' > 0 for x < e 2 => a máximum of 2 ; y" = 0 
ln x = | => x = e 8 / 3 ; the curve is concave down on 
(O, e 8 / 3 ) and concave up on (e 8 / 3 , 00) ; so there is an 
inflection point at (e 8//3 , 3 ^ 73 ). 
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(b) y = e~ x " => y' = — 2 xe ~ x2 => y" = —2e~ x2 + 4x 2 e “ x2 
= (4x 2 — 2)e” x2 ; solving y' = 0 => x = 0; y' < 0 for 
x > 0 and y'> 0 forx <0 =>- a máximum at x = 0 of 
e° = 1 ; there are points of inflection at x — ± ; the 

curve is concave down for 


}i <x< 


Vi 

and concave 


up otherwise. 

(c) y = (l+x)e~ x => y' = e _x — (1 + x)e _x = — xe x 
=+ y " = —e~ x + xe x = (x — 1 ) e _x ; solving y' = 0 
=+ —xe _x = 0 => x = 0 ; y' < 0 for x > 0 and y' > 0 
for x < 0 => a máximum at x = 0 of (1 + 0 ) e° = 1 ; 
there is a point of inflection at x = 1 and the curve is 
concave up for x > 1 and concave down for x < 1 . 




124. y = x ln x =>■ y' = ln x + x Q) = ln x + 1; solving y' = 0 
=>lnx+l =0 => ln x = — 1 +> x = e _1 ; y' > 0 for 
x > e _1 and y' < 0 for x < e ^ 1 => a minimum of e -1 ln e " 1 
= — - at x = e -1 . This minimum is an absolute minimum 

e 

since y" = £ is positive for all x > 0. 


y 



125 - 5 = Vy cos2 Vy =► yy^\/y = dx 2tan v /y = x + C => y = (tan ‘(^)) 2 

126. y' = 3y ^ t 1 1)2 =S> ^dy = 3(x + l) 2 dx +> y - ln y = (x + l) 3 + C 

127. yy' = sec(y 2 )sec 2 x =+ se y ^ y 2) = sec 2 x dx +> sin !; y ^ = tan x + C =>• sin(y 2 ) = 2tan x + Ci 

128. ycos 2 (x)dy + sinxdx = 0=>ydy = -^dx=> ¿ = __^ +C ^y= ± yj ^ + Q 

129. = e~ x_y_2 =+ e y dy = e _ ( x+2 )dx => e y = — e _ ( x +2) + C. We have y(0) = —2, so e~ 2 = —e -2 + C => C = 2e~ 2 and 
e y = —e“( x+2 l + 2e~ 2 =>■ y = ln(-e _ ( x + 2 ) + 2e -2 ) 

130. 37 = ÍT¿ => ln(ln y) = tan _1 (x) + C => y = e e ‘ an (X>+C . We have y(0) = e 2 => e 2 = e e '“ ( ° >+C 

=+ e tan->(0)+c = 2 +> tan- 1 (0) + C = ln2=>0 + C = ln2=>C = ln2=í>y = e e, " _1(x ’ +ta2 

131. x dy — (y + y/y)dx = 0 =>■ = y 21n(y/y + l) = ln x + C. We have y(l) = 1 => 21n ^v/I + l) = ln 1 + C 

+> 21n2 = C = ln2 2 = ln4. 802111 (^+ 1 ) = ln x + ln 4 = ln(4x) +> ln( v /y+ l) = |ln(4x) = ln(4x) 1/2 

=+ e ln (\/ y+1 ) = e ln ( 4x ) 1/2 => ^ + 1 = 2y/x => y = (2y/x - l) 2 

132. y 2 | = ^ ¿l ±± dx = pz => ¿ = e x - e - x + C . We have y(0) = l^^=e°-e° + C^C=i. 

So y = e x - e _x + | =>■ y 3 = 3(e x — e _x ) + 1 => y = [3(e x — e _x ) + 1 ] 1/3 
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133. Since the half life is 5700 years and A(t) = Aoe kt we have 4a = Aoe 5700k =>■ 1 = e 5700k 5 ) — 5700k 

=> k = * 5700 ' • With 10% of the original carbon-14 remaining we have 0.1 Ao = A 0 e ™ : 1 => 0.1 = e^r' 

=> ln(O.l) = t => t = ^inlo ^ 0,11 ~ 18,935 years (rounded to the nearest year). 

134. T - T s = (T 0 - T s ) e kt => 180 - 40 = (220 - 40) e~ k/ \ time in hours, => k = -4 ln (|) = 4 ln (§) => 70 - 40 

= (220 — 40) e~ 41n(9/7)t =M = ~ 1-78 hr w 107 min, the total time =t> the time it took to cool from 180° F to 

70° F was 107 — 15 = 92 min 


135. 9 = 7 r — cot 1 (gg) — cot 1 (| — jg), 0 < x < 50 


dfl 

dx 


A 


-A) 

t SO-x t 
l 30 ) 


= 30 


2 

60 2 + X 2 


30 2 + (50 - x) 2 


; solving f = 0 => x 2 - 200x + 3200 = 0 


100 + 20y/l7 is not in the domain; ^ > 0 for x < 20 ( 5 — 


=> x = 20 5 


17.54 m maximizes 9 


17 ) and f < 0 for 20 ( 5 - 


= 100 ± 20a/F 7, but 

n") < x < 50 


136. v = x 2 ln Q) = x 2 (ln 1 - ln x) = -x 2 ln x => g = -2x ln x - x 2 Q) = -x(2 ln x + 1); solving g = 0 

=t> 21 nx+l =0 =>■ ln x = — \ => x = e~ 1/2 ; A < o for x > e ~ 1/2 a nd gj > 0 for x < e ~ 1/2 =^> a relative 
máximum at x = e~F 2 ; jj = x and r = 1 => h = e 1/2 = y/e « 1.65 cm 

CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES 


1 . 


7 1 = dx = lim [sin -1 xl n = lim (sin -1 b — sin -1 0 ) = lim (sin -1 b — 0 ) = lim sin -1 b = 

o 7i-x 2 b-^i- L Jo b^i- k ' b^i- k ’ b-»l- 


2 . lim - tan 1 1 dt = lim 

X —> OO X J 0 X — > OO 


/; 


tan 1 1 dt 


(K form ) 


= lim ^ = I 

X —> OO 1 ¿ 


3. y = (eos yí) 1/x =>■ ln y = - ln (eos a/x) and lim ln ^ c ° s ^ = lim _ i j- 1,111 

2 \ V ) 2 x V V 2 „ . o+ x . , n+ 2,/xcos,/x 2 „ n + ,/x 


. Q+ 2y/x COS y/x 


Lll [— 

■ 0 + v x 


= - i lim 


2 AAAX A+ 1 v —1/2 

¿ X -► 0 + 2 X 


_ _ 1 
2 


lim (eos a/x) x = 
x —> 0 + ' V ' 


e-F 2 = \ 
Ve 


4. y = (x + e x ) 2/x =>• ln y = 21n(x + eX) => lim ln y = lim = ü m = ü m ^ = 2 

2 v > 2 X X —>00 2 x —> OO X + e x x —» oo 1 + e x ^ oo e* 

=> lim (x + e x ) 2/x = lim e y = e 2 

X OO v 2 X — 00 


5. lim (—J-r H — 1 + ... + T) = lim í (1) 

x —^ oo V n ~F 1 n + 2 2n/ x->oo \n/ 


1 + 


(n) 


1 + 2 (n) 


which can be interpreted as a Riemann sum with partitioning Ax = 1 

= f 0 TT7 dx = [ln( 1 +x)]S = 1 n2 


(i) 

\nJ i 1+n 

lim ( 1 , -|- 1 9 -H - ... 

—> 00 V n + 1 n + 2 


+ ¿) 


6 . 


x lim_^ 1 [e 1,/n + e 2/n + ... + e] = x lhi) 3C [(g) e (1/n) + (g) e 2 ( F") + ... + ( 1 ) e n(1/n) ] which can be interpreted as a 
Riemann sum with partitioning Ax = 1 => x lirn^ 1 [e l/n + e 2/n + ... + e] = J" g e x dx = [e x ] ¿ = e — 1 
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7. A(t) = f Q e x dx = [-e x ]‘ = 1 - e V(t) = n f g e 2x dx = [- § e 2x ] [ = § (1 

(a) lim A(t) = lim (1 — e~‘) = 1 

t —> 00 t —> oo 

V(t) _ f (1 -e- 21 ) 5 

2 

í(l-e-')(l + e-'; 


(b) 


lim = lim 

: —> oo A W t -*■ oo 


(c) lim 4ííl = lim 


I - c 1 

I(l-e- 2t ) 


A(t) 


• 0 + 


1 


= lim 

t-> 0 + 


(l-e->) 


= lim | (1 + e *) = 7r 
t -> 0+ 2 


lim H = 0; 

a -ir lna 
lim log a 2 = lim ^ = — oo; 

lim loga 2 = lim J 2 ! = oo; 

lim loga 2 = lim = O 

—> 00 oa a —» oo ln a 


(a) lim + loga 2 


(b) 



9. A, = 


r 


2 log2 X 


/; 


dx = 222 dx = 

ln 2 


(ln x) 2 


ln 2 


= - 2 - ; a 2 = dx = rlj dx 

ln 2 ’ z J i 4 ln4 Ji x 


' (ln x) 2 1 e _ 1 

2 ln 2 J j 2 ln 2 


=» Al : Ao = 2:1 


10 . y = tan 1 x + tan 1 (i) =► y' = ^ 

= TTF - TTF = 0 =► tan ^ x + tan_1 (i) is a 

constant and the constant is | for x > 0 ; it is — | for 

x < O since tan -1 x + tan -1 Q) is odd. Next the 
x hm [tan - 1 x + tan " 1 0 ] =0 + § = § 

and ^lim (tan -1 x + tan -1 (j)) = O + (— §) = — | 



11 . ln x( x 7 = x x ln x and ln (x x ) x = x ln x x = x 2 ln x; then, x x ln x = x 2 ln x => (x x - x 2 )ln x = O => x x = : 
ln x = O => x = 1; x x = x 2 => x ln x = 2 ln x => x = 2. Therefore, x* xX ' = (x x ) x when x = 2 or x = 1. 


12 . In the interval 7 r < x < 27r the function sin x < O 
=> (sin x) smx is not defined for all valúes in that 
interval or its translation by 27 t. 



13. f(x) = e g ( x ) => f'(x) = e g < x > g'(x), where g'(x) = ^ => f'(2) = e° (^) = ¿ 

14. (a) | = ^ • e x = 2 x (b) f( 0 ) = f i ' 2 [ nl dt = O 

(c) = 2x => f(x) = x 2 + C; f(0) = 0 => C = O => f(x) = x 2 => the graph of f(x) is a parabola 


15. (a) g(x) + h(x) = O =>■ g(x) = -h(x); also g(x) + h(x) = O => g(-x) + h(-x) = O => g(x) - h(x) = 
=> g(x) = h(x); therefore —h(x) = h(x) =>• h(x) = O =>• g(x) = O 


2 or ln x = 0 . 
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^ f(x) + f(-X) _ [f E Cx) + fo(x)] + [f E (-X) + fo(-X)] __ f E (x) + fp(x) + f E (x) - f 0 (x) __ £ 

f(x) - f( x) _ [f E (x) + fo(x)] - [f E (-x) + fo(-x)] _ f E (x) + f 0 (x) - f E (x) + fo(x) _ f ( x 

2 — 2 — 2 — 

(c) Part b =>■ such a decomposition is unique. 

16. (a) g (0 + 0 )= =► [1 - g 2 ( 0 )] g( 0 ) = 2 g( 0 ) =► g( 0 ) - g 3 ( 0 ) = 2 g( 0 ) =► g 3 ( 0 ) + g( 0 ) = 0 

=* g( 0 ) [g 2 ( 0 ) + 1 ] = o =► g( 0 ) = o 

r gw+g(h) i , . 

(b) g'(x) = lim g(x + h . ) - g(x) = lim ^- gW8( . h,j - lim gW + g (h) -g ( x) + g (x) g( h) 

v ' 6V ' h n h v,_i n h v, n hl-g(x)g(h) 


w 6W- h To h h “() h - h ^ Q h[1 -g(x)g(h)] 

= h lün o [^1 = 1 • [l + § 2 W] = 1 + g 2 W = l + [g(x)l 2 

(c) = 1 + Y 2 T^i = dx => tan -1 y = x + C => tan -1 (g(x)) = x + C; g(0) = 0 => tan ' 1 0 = 0 + C 

=> C = 0 =>■ tan -1 (g(x)) = x =>■ g(x) = tan x 


/. M = f Q dx = 2 [tan 1 x] ¿ = § and M y = £ yf^ dx = [ln (1 + x 2 )] J = ln 2 =>• x 


X =W 


= = — ;y_oby symmetry 


18. (a) V = 7r f ¡/4 (^) dx = | dx = ¡ [ln |x|]* /4 = % (ln4 - ln \) = | ln 16 = f ln (2 4 ) = tt ln 2 

(b) M y = f\ (^) dx = i f y4 x 1 / 2 dx = [| x 3 / 2 ] J /4 = (| - ¿) = ^ = |; 

Mx = f, 4 J ( 2 ^) ( 2 ^) dx = g/i ] 4 i dx = [g ln l x 0 1/4 = ¡ ln 16 = i ln 2 ; 

M = /1/4 27Í dx = I/J x_1/2 dx = [ xV2 ] 1/4 = 2 - 5 = Í : therefore, x = ^ = (g) (§) = % = \ and 


y^ fc (|ln2)(|) = 


(- 

- b cot 6 

1 b esc 6 \ 

dL _ k 1 

^ b esc 2 6 

b esc 6 cot 6 \ 

\ 

R 4 

^ 1 4 ) 

^ ád ~ K 1 

K R “ 

) 


) í solving § = 0 


=> r 4 b esc 2 9 — bR 4 esc 9 cot 9 = 0 => (b esc 9) (r 4 esc 9 — R 4 cot 9) = 0; but b esc 9 ^ 0 since 
9 | =>■ r 4 esc 9 — R 4 cot 9 = 0 => eos 9 = ^ =>• 9 = eos -1 (|^) , the critical valué of 9 

(b) 9 = eos ' 1 (|) 4 « eos " 1 (0.48225) « 61° 


20. In order to maximize the amount of sunlight, we need to maximize the angle 9 formed by extending the two red line 
segments to their vertex. The angle between the two lines is given by 9 = n — {9\ + (ir — 02))- From trig we have 
tañé»! = 4 ^^ => 0 i =tan-'( 3 ^ [ ) and tan ( 7 r - 0 2 ) = ^ (tt - 0 2 ) =tan" 1 (^) 

=> 9 = tt - (0! + (7r- 0 2 )) = Tr-tan-^j^) -tan" 1 ^) 

v ád _ _ 1 350 _ 1 / 200 \ _ -350 _ 1 200 

^ dx i + (_^L_) 2 * (450-x) 2 l + (^) 2 ’ ' x2 ' (450-x) 2 + 122500 ^ x 2 + 40000 

d £ = 0 =* ( 450 _ x f + ° 122500 + = 0 =* 200 ((450 - x ) 2 + 122500) = 350(x 2 + 40000) 

=> 3x 2 + 3600x — 1020000 = 0 =>■ x = —600 ± 100\/70. Since x > 0, consider only x = —600 + 100\/70. 
Using the first derivative test, ^ = y^r > 0 and ‘f- = < 0 => local max when 

0 dx x=100 3500 dx x —400 5000 

X = -600 + lOOy/70 « 236.67 ft. 
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